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Abstract 



In this Thesis I investigate how Fano manifolds equipped with a Kahler- 
Einstein metric can degenerate as metric spaces (in the Gromov-Hausdorff 
topology) and some of the relations of this question with Algebraic Geome- 
try. 

A central topic in the Thesis is the study of the deformation theory for 
singular Kahler-Einstein metrics. In particular, it is shown that Kahler- 
Einstein Fano varieties of dimension two (Del Pezzo surfaces) with only 
nodes as singularities and discrete automorphism group, admit (partial) 
smoothings which also carry (orbifold) Kahler-Einstein metrics. The above 
result is then used to study the metric compactification in the Gromov- 
Hausdorff topology of the space of Kahler-Einstein Del Pezzo surfaces. In 
the case of cubic surfaces some evidence is provided that the metric com- 
pactification agrees with the classical algebraic compactification given by 
the set of Chow polystable cubics. 

Finally, I study some higher dimensional analogous of the results out- 
lined above: for example, we briefly discuss the existence and deformation 
theory for Kahler-Einstein metrics on nodal Fano varieties and the compact- 
ifications of the space of intersections of two quadrics in P 5 . 
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Introduction 



The main subject of this Thesis is the study of compactified moduli spaces 
of Kahler-Einstein (KE) metrics on Fano manifolds, with special emphasis 
on the two dimensional case, i.e., on Del Pezzo surfaces. Recall that a 
KE Fano manifold is a Kahler manifold (M, J, oj) with (necessarily) ample 
anticanonical line bundle, satisfying the Einstein equation: 

Ric(w) = uj. 

For a given Fano manifold it is usually a very difficult problem to detect 
if a KE metric exists or not: in contrast with the Calabi-Yau or negative 
first Chern class cases (S-T. Yau [lUUj and, independently, T. Aubin [7] for 
c\(X) < 0), not all Fano manifolds can admit a KE metric. The first ob- 
structions to have been discovered were related to the automorphism group. 
In |73| . Y. Matsushima proved that the automorphism group of a KE Fano 
manifold is always reductive, being given by the complexification of the com- 
pact group of isometries. This condition prevents many Fano manifolds, e.g., 
the blowup of the projective plane in one point, to carry a compatible KE 
metric. Another important obstruction to the existence of such special met- 
rics is given by the vanishing of a character of the Lie algebra of holomorphic 
vector fields, the so-called (classical) Futaki invariant |47j . 

E. Calabi conjectured that Fano manifolds with discrete automorphism 
groups always admit a KE metric. In the seminal work [93], G. Tian verified 
this conjecture for smooth Del Pezzo surfaces. A few years later, he discov- 
ered in collaboration with W. Y. Ding [31] . that the Calabi Conjecture fails 
to be true for singular Del Pezzo surfaces. Finally in [95j the author showed 
that there are smooth Fano 3-folds with discrete automorphism group (de- 
formations of the Mukai-Umemura Fano 3-fold) which actually cannot admit 
a KE metric. Thus the discreteness of the automorphism group is not suffi- 
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cient for the existence of KE metrics. 

Following a suggestion of S-T. Yau, G. Tian conjectured that the exis- 
tence of a KE metric should be equivalent to some algebraic GIT notion 
of stability. Around the same period S. Donaldson (also A. Fujiki) showed 
how to interpret the constant scalar curvature (cscK) equation in the Kahler 
case (which generalizes the Einstein equation) as a moment map [35] and 
thus exhibited a formal connection to some "stability" notion via an infinite 
dimensional analog of the Kempf-Ness Theorem. In a series of seminal pa- 
pers [SB], [32]) S. Donaldson explained how to relate the existence of a cscK 
metric to the classical GIT notion of Chow stability: more precisely, using 
the so-called Bergman kernel asymptotics obtained by G. Tian, S. Zelditch, 
Z. Lu and others, he proved that if X admits a cscK metric and Aut(X, L) 
is discrete then X needs to be asymptotically Chow stable. 

In |37] the notion of (algebraic) K-stability is introduced. This notion of 
stability is based on a generalization of the Futaki invariant (the so-called 
Donaldson-Futaki invariant DF) and it extends Tian's original K-stability. 
In order to test K-stability one needs to consider a-priori all possible one 
parameter subgroup degenerations of a given variety (test-configurations). 
In the case of Fano manifolds, C. Li and C. Xu recently showed that one 
can restrict to test-configurations where the central fiber is a normal Fano 
variety with log-terminal singularities [67] , Nevertheless testing K-stability 
remains a difficult problem, e.g., an algebraic proof of the K-polystability of 
P 2 is still not known! 

A generally accepted way to phrase the relations between KE metric and 
"stability" is the following: 

Conjecture 0.0.1 (Yau-Tian-Donaldson (YTD)). Let X be a Fano mani- 
fold. Then X admits a KE metric if and only if X is K-poly 'stable. 

Recall that X is called K-polystable if DF(X) > for every (normal) 
test configuration with equality if and only if the test-configuration is the 
trivial one. 

The direction KE implies K-polystability is now settled by the work of 
S. Donaldson [38J, J. Stoppa [89J and T. Mabuchi [§H] [SJ|. Very recently 
R. Berman has posted a preprint on ArXiv [11], where it is shown that 
the direction KE implies K-polystability holds also for some singular Fano 
varieties. On the other hand we should remark that it may be possible 



7 



that one needs to restrict the class of "stable" Fano varieties to make the 
conjecture true (i.e., also the correct notion of "stability" one needs to choose 
is part of the conjecture). A refined notion of stability has been recently 
considered by S. Donaldson in [32] and G. Szekelyhidi in [92]. However a 
counterexample to the YTD conjecture, as above stated, is not known. 

In the previous paragraphs, we have very briefly (and incompletely) sum- 
marized the state-of-art of the "KE problem for Fano manifolds", focusing 
on the relations with algebraic notions of stability. Now we turn to the 
main object of the Thesis: moduli spaces of KE Fano manifolds and their 
compactifications . 

On a given smooth manifold we can sometimes find continuous families of 
Fano complex structures. Some of these structures could admit KE metrics. 
It is known that the set of KE Fano metrics, equipped with the so-called 
Gromov-Hausdorff (GH) topology is pre-compact. Using metric geometry, 
one can consider the space of KE structures on a fixed manifold M together 
with their GH degenerations: M m ■ This space is compact and Hausdorff. 
By the works of G. Tian [U3] and M. Anderson [2J, it is known that GH limits 
of smooth KE Del Pezzo surfaces are KE Del Pezzo orbifolds with isolated 
singularities. Moreover, in the very recent work of S. Donaldson and S. Sun 
[34j it is shown that GH limits of KE Fano manifolds are always singular 
normal Fano varieties, with at most log-terminal singularities. Thus Mm 
is a compact Hausdorff space "parameterizing" possibly singular (KE) Fano 
varieties. 

The YTD conjecture implies that the above "metric" discussion should 
have an analogous in the algebraic geometric world, i.e., the GH com- 
pactification Mm should parameterize "stable" algebraic varieties (K- 
polystable?). It follows that one expects to find a compact, projective, al- 
gebraic variety Mm AL ° (a "coarse moduli space of stable smoothable Fano 
varieties") which is homeomorphic, maybe up to some finite cover, to the 
GH compactification, i.e., Mm —Mm 

The only situation where this identification is known, is the case of Del 
Pezzo quartics, studied by T. Mabuchi and S. Mukai |70j . In this Thesis 
we discuss the GH compactification of KE Del Pezzo surfaces of lower de- 
grees. Even if we do not provide a definitive answer, we show what the 
GH compactification should be in the case of cubics surfaces and degree two 
Del Pezzo surfaces. We should remark that the exact types of singularities 
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appearing in GH degenerations of Del Pezzo surfaces are still not known: 
establishing a link between some notion of stability (maybe an "ad hoc" 
stability notion related to the geometric realization of a Del Pezzo surface 
of a given degree) and the GH compactification can be useful to classify the 
singular KE Del Pezzo surfaces (and their singularities) appearing in the 
"boundary" of the GH compactified moduli space. 

Another important theme of the Thesis, which is somehow connected 
with the previous discussion about the relations between metric and alge- 
braic compactifications, is the study of the (metric) deformation theory of 
singular KE Del Pezzo surfaces (or more generally of singular Fano vari- 
eties). This investigation is essential in the study of the KE moduli space 
at its boundary points. In this direction we prove that generic deforma- 
tions (partial-smoothings) of nodal Del Pezzo surfaces with discrete auto- 
morphism group always admit KE metrics (close to the original one). The 
proof of the Theorem is based on a gluing construction which "reverses" the 
GH degeneration picture. Similar gluing constructions have been considered 
by many authors, e.g., D. Joyce [SB], C. Arezzo and F. Pacard [5], S. Donald- 
son [H] and O. Biquard and V. Minerbe [IB] . We also describe the expected 
general picture in the case of deformations of KE Del Pezzo orbifolds with 
more general singularities and with continuous family of automorphisms. 
These considerations should clarify what the GH compactification is in the 
case of Del Pezzo surfaces. 

Finally, we discuss a higher dimensional example of the relations between 
GH degenerations and stability notions: the case of the intersections of two 
quadrics in P 5 . 

In the next section we describe the principal topics discussed in this 
Thesis. 

Brief outline of Chapters content 

In Chapter 1 we describe some basic properties of the moduli space of KE 
Fano structures. We begin by pointing out the precise set-theoretical rela- 
tions between complex structures and KE metrics. For example, we observe 
that in general the metric structure of a KE Fano manifold determines the 
complex structure up to complex conjugation. Then we recall how to com- 
pactify the space of KE Fano structures using the GH distance. After stating 
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a guideline conjecture on the relation between GH metric compactifications 
and algebraic compactifications, we will discuss how to study the local pic- 
ture of the KE Fano (compactified) moduli problem. We also recall some 
results concerning "embedded" degenerations of KE Fano manifolds, i.e., 
relations between GH limits and flat limits in a fixed projective space. 

In Chapter 2 we focus our attention on the 2-dimensional case, i.e., (sin- 
gular) Del Pezzo surfaces, giving some examples of KE metrics on singular 
Del Pezzo surfaces and showing some of their properties. Then we discuss 
what should happen around smoothable KE Del Pezzo surfaces. Finally 
we construct two (toric) examples of smoothable KE Del Pezzo surfaces in 
degree one and two which have strictly Kawamata log-terminal singulari- 
ties (i.e., log-terminal but not canonical) and we discuss the classification of 
Q-Gorenstein smoothable KE toric log Del Pezzo surfaces. 

Chapter 3 contains the main result of the Thesis. We prove that generic 
(partial)-smoothings of KE Del Pezzo surfaces with discrete automorphism 
group and only nodal singularities admit (orbifold) KE metrics which are 
close in the GH sense to the original singular metric. As a first application 
we construct new examples of singular KE Del Pezzo surfaces (e.g., on the 
deformations of the Cayley cubic xyz + yzt + ztx + txy = 0). 

In Chapter 4 we discuss compactified moduli spaces of Del Pezzo sur- 
faces. We recall the Mabuchi-Mukai example of Del Pezzo quartics and we 
carefully study the geometry of their compactification. Then we discuss the 
case of cubic surfaces and we show how to use the deformation theory of 
singular Del Pezzo surfaces to understand the GH compactification. Finally, 
we briefly discuss the two remaining cases of Del Pezzo surfaces of degree 
one and two. 

In the final Chapter 5 we consider possible higher dimensional general- 
izations of the results obtained in the previous Chapters. We briefly discuss 
existence (and obstruction to existence) of special classes of singular metrics 
on singular Fano varieties. Then we study the moduli space of intersections 
of two quadrics in P 5 and its (possible) relation with GH degenerations. 
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Chapter 1 



Moduli of Kahler-Einstein 
Fano structures 

In the first part of this Chapter we describe the theory of moduli spaces of 
KE Fano structures. After giving the main definitions, we study the set- 
theoretic relations between Fano complex structures and KE Riemannian 
metrics. Then we recall the notion of Gromov-Hausdorff (GH) distance and 
we explain its importance for metrically "compactifying" the moduli space of 
KE Fano structures. We also very briefly recall the main results concerning 
the "structure" of GH limits of KE Fano varieties. 

Next we state a guideline Conjecture relating the GH compactified mod- 
uli space to the "mythical" algebraic compactification of the set of "stable" 
Fano varieties. 

We end the Chapter by discussing the local structure of the KE (com- 
pactified) moduli space. 

1.1 Main definitions and first properties 

Let M 2n be a smooth compact manifold of real dimension 2n. We start by 
defining the set of Fano structures on M, i.e., 

J~M :=|./€ End(TM) \ J integrable complex structure, K^. ^ is ample j . 

We remark that, in reality, we are primarily interested in the connected 
components of the above space, that is in the subsets of complex structures 
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that can be joined by smooth paths (w.r.t. the natural smooth topology 
induced on the tensor field after fixing any Riemannian metric on M). 

Now we define the set of Kahler- Einstein (KE) Fano structures as a 
subset of the above space: 

■- {J e T M | 3w € 2vrci(M, J) s.t. Ric(w) = a;} 

For our purpose, it is essential to relate the set of KE Fano structures 
F^ E to the space of Riemannian metrics. Before establishing such connec- 
tion, let us remark that the group of diffeomorphisms Diff(M) acts in the 
obvious way on the set J~^ E as well as on the set Qm of Riemannian metric 
tensors on M. Then we can state the following: 

Proposition 1.1.1. There exists a well-defined map 

D : F^ E /Diff{M) — > Q M /Diff(M), 

i.e., up to diffeomorphisms, to each J € F^ E there exists a unique Kdhler- 
Einstein metric structure. 

PROOF Let (M, Jx,0Jx,gx) and (M, J2, u>2, g 2 ) be two KE Fano struc- 
tures such that (fr*J2 = Jx for S Diff(M). We claim that there exists a 
Riemannian isometry between the Riemannian metrics 52 and gx- 

By the invariance of the Einstein equation under the action of the dif- 
feomorphism group, (j)*u)2 E cx(M, <p* J2) = cx(M,Jx) is another Kahler 
(Einstein) form in c\ (M, Jx ) . Then the uniqueness result for KE metrics 
on Fano manifolds of S. Bando and T. Mabuchi [10] implies that there is 
if) G Auto(M, Ji) (the connected component of the biholomorphism group) 
such that Tp*((j)*u)2) = ujx- 

Thus <f> o ifj g Diff(M) is the desired Riemannian isometry between (72 
and gx- □ 

Before proceeding, some important remarks are needed. It is well known 
that the space of complex structures modulo diffeomorphisms is from the 
topological viewpoint very badly behaved. In particular, it often fails to be 
Hausdorff. On the other hand, it is a fact (compare [15]) that the space of 
Riemannian metrics modulo diffeomorphism satisfies the Hausdorff property. 
It is then interesting and natural to ask if the set of KE Fano structures 
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modulo diffeomorphism J 7 ^ /Diff(M) is still not separated. We conjecture 
that /Diff(M) is actually Hausdorff: this is connected to the fact that 
the existence of a KE metric should be related to a stability condition of the 
complex structure, which, not too unrealistically, could be used to construct 
Hausdorff moduli spaces of complex varieties (maybe as a GIT quotient). 

The second remark, which is somewhat connected to the above discus- 
sion, is that Proposition 1 1 . 1 . II is not saying that the map D is continuous. As 
we will explain later in this Chapter (compare Theorem ll.4.ip . it is relatively 
easy to show continuity at point [M, J] where Auto(M, J) = 1. However in 
the presence of continuous families of automorphisms the situation is more 
subtle and linked again to stability considerations (Theorem ll.4.2p . 

As we pointed out, Z)(.Fj| /Diff(Af)) inherits a natural Hausdorff topol- 
ogy from the (quotient) space £?Af /Diff(M). It follows by works of N. Koiso 
[61] , [62] on the local structure of the Moduli Space of Einstein metrics that 
the space D(J-j^ E fDiff(M)) is locally given by the quotient of a finite di- 
mensional real analytic variety by the action of a compact group. To be 
more precise, we have the following: 

Proposition 1.1.2 (N. Koiso). D(T^ E / Diff(M)) is naturally a Hausdorff 
topological space, in general non-compact, which locally at D[(M, J, u, g)\ is 
given by 

Z/Iso(M,g), 

where Z is the zero locus of real analytic functions defined on a finite di- 
mensional vector space. 

A detailed proof of the above statement can be found in A. Besse [15] 
(see Chapter 12) or in the original papers of N. Koiso. The main ingredient 
of the proof consists in showing that, after breaking the gauge symmetries 
(Ebin's slice theorem), the linearization of the (Kahler) Einstein equation 
is elliptic. Then the result follows by obstruction considerations and by the 
elimination of the residual symmetry given by the isometry group. 

From the moduli point of view it is important to study the fibers of the 
map D defined in Proposition 11.1.11 i.e., to understand when two different 
complex structures I and J are associated to the same Riemannian metric 
g. For example the metric structure g is fixed by the involution sending J 
to —J. In the next Proposition we show that this is essentially the only 
possibility for two KE Fano complex structures to be associated with the 
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same metric structure. 

Theorem 1.1.1 (KE Fano Splitting). Let (M,g) be a KE Fano manifold 
with respect to two complex structures I, J where I / ±J. Then M splits 
holomorphically and isometrically as 

M = Mi x • • • x M k 

for k > 2, where Mi are lower dimensional KE Fano manifolds. 
Proof 

Let uji := g(I—,—) and ujj := g(J—,—) be the two real Kahler forms 
associated to / and J. 

Claim: ojj is of type (1,1) w.r.t. /, i.e., ojj(I—,I—) = ojj(—,—) (and 
analogously for uji). 

Since uj j is a Kahler form, A g co j = 0. Thus, decomposing ujj as 

, IT _, ,( 2 >°)/ , , ,(1.1)/ ,.,(0,2)/ 

UlJ — U!j + UJj + UJj , 

it follows by the Kahler identities that the Wj 2 ' ^ 1 component is also harmonic 
(and similary for uj { j ,2)i ). However we have that n^ 0)l (M) = H°(Mj, Q 2 Mi ) = 

0, by Kodaira's Vanishing. Hence Wj 2 '°^ = ^j*' 2 ^ 1 = 0. 

Now we define the following "splitting" endomorphism S G End(TM): 

S p (v) := {ivOJ^J, 

1. e., ujj(S p (v),w) = i v ooi(w) = ujj(v,w) for all v, w € T p M. 

S satisfies the following properties: 

• S 7^ ±1, which is an immediate consequence of uji / ±wj; 

• ker5 p = {0}, by the non-degeneracy of the Kahler forms; 

• VS = 0, being oji parallel; 

• [S, I] = 0. Using the fact that uj j is of type (1,1)/, we have that for 
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all v,w € T P M: 



uj(S(Iv),w) 



LOl(Iv, w) 

—uji{y, Iw) 
—ujj(Sv, Iw) 
uj(I(Sv),w). 



• g{S p v,w) = g(v,S p w) for all v,w £ T p M, since 



g(Sv,w) 



ujj(Sv, Jw) 
u)j(v, Jw) 



—ui(Jv, w) 



uji(w, Jv) 

LOj(Sw, Jv) 

g(Sw,v) 
g{v,Sw). 



The above properties imply that S p is diagonalizable and that there must 
be at least two distinct non-trivial orthogonal eigenspaces, which are also 
complex subspaces of T p M. Moreover, since S is parallel, the holonomy 
representation preserves these eigenspaces, that is Hol p (g) is reducible and 



where n« denotes the complex dimension of the eigenspaces and k > 2. 

Finally, recalling that every Fano manifold is simply connected (compare, 
for example, [9] Theorem 6.12), the De Rham Theorem (e.g., [9] Theorem 
4.76) implies that M decomposes globally isometrically (and holomorphi- 
cally) as 



Remark 1.1.1. We believe that the above Theorem should be known to 
experts in the field. However we have decided to give a complete proof, since 
we were unable to find such statement in the literature. 

We define an irreducible Fano manifold to be a Fano manifold that does 



Hol p (g) C U( ni ) x ••• x U(n k ), 



M = Mi x • • • x M k 



where, of course, each factor is a KE Fano manifold. 



□ 
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not admit a holomorphic splitting into two lower dimensional Fano mani- 
folds. Then, as a corollary of the above Theorem, we immediately have 

Corollary 1.1.1. On the locus of irreducible KE Fano manifolds, the map 
D defined in Proposition \l.l.T\ is "generically" 2:1. 

The map D could have some "ramification" locus, that is there are 
KE Fano complex structures J for which there exists diffeomorphisms (p 6 
Diff(M) satisfying — J = ip* J (i.e. tp is anti-holomorphic) . This is the reason 
why the map D will be "generically" 2 : 1. For example, if (M,J,g) admits 
an embedding in CP™ such that its defining ideal admits as generators poly- 
nomials with real coefficients, then the restriction of complex conjugation of 
the homogeneous coordinates is an example of an anti-holomorphic diffeo- 
morphism. 

In Chapter 4 we will discuss carefully an example where the map D can 
be completely described (Del Pezzo surfaces of degree 4). In particular it 
can be shown that the involution sending J to — J is antiholomorphic with 
respect a natural complex structure defined on the moduli space of (smooth) 
degree 4 Del Pezzo surfaces. 

1.2 Metric compact ificat ion 

As we have previously pointed out, the space D{F^ E /Y)\R{M)) is in gen- 
eral non-compact. Nevertheless, it admits in a certain sense a natural com- 
pactification. First of all, we continuously embed the space of Riemannian 
metric structures C?A.//Diff (M) in the bigger space of isometry classes of 
compact metric spaces Met, equipped with the so-called Gromov-Hausdorff 
(GH) distance. Secondly, we prove that under this embedding the subspace 
D{Ff 1 E /Diff(M)) is pre-compact, i.e., its closure is a compact subspace of 
Met. 

Let us start by recalling the definitions of Gromov-Hausdorff distance 
and some basic properties (compare [21] for more information). Let (X, dx) 
and (Y,dy) be two compact metric spaces. Then 

d GH (X, Y) := inf{d|(X, Y) | X, Y «-► Z isometrically} , 

where dfj denotes the Hausdorff distance between subset of the metric space 
(Z,d). It is a well-known fact that the above (pseudo)-distance defines a 
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metric on the set of isometry classes of compact metric spaces Met. 

In general, it is important to detect when two metric spaces are close 
to each other in the GH sense without explicitly compute the distance. In 
particular the following well-known criterion for GH closeness is very useful. 

Lemma 1.2.1. Let (X,dx) and (Y,dy) be two compact metric spaces. If 
Y) < e then there exists a 2>e-quasi isometry F : X — >■ Y i.e., a non 
necessarily continuous map F : X — > Y satisfying: 

• \dx(p,q) ~ d Y (F(p),F(q))\ < 3e for allp,q in X 

• F{X) is 3e-dense in Y. 

Conversely, if there exists a e-quasi isometry F : X — )■ Y then dcH(X,Y) < 
3e. 

An important application of the above Lemma is given by the following 
(well-known) observation. 

Lemma 1.2.2. The natural map 

i ■ Q M /Diff{M) — > Met, 

given by associating to a Riemannian metric g its distance function d g , is a 
continuous embedding. 

Proof Suppose that \gi\ — > [g] in ^//Diff(M), i.e., there exists a 
sequence (cj>i) C Diff(M) such that \\4>*gi — g\\c°° — > (computed by taking 
an arbitrary fixed background Riemannian metric) . Then it follows that the 
identity map on M is very closed to be an isometry between (M, d^* 9i ) and 
(M,d g ). Thus i((M,gi)) — > i((M,g)) in the Gromov-Hausdorff sense. 

The fact that the map i is an embedding (i.e. is injective), is the classi- 
cal Theorem of S. Myers, N. Stenrood and R. Palais (for a proof, compare 
|60| . Chapter IV, Theorem 3.10) which says that metric isometries between 
smooth Riemannian metrics are Riemannian isometries. □ 

Observe that we are not claiming that i is also open. However i turns 
out to be open when restricted to special classes of metrics (i.e., metrics 
satisfying some equations) . For example this is the case for positive Einstein 
metrics with injectivity radius bounded from below [3]. 
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The embedding of Riemannian manifolds in the larger space of metric 
spaces enables us to talk about the convergence of manifolds to singular- 
spaces. In this direction, a foundational result is the following Theorem due 
to M. Gromov (for a proof, see |21j Chapter 7, Section 4): 

Theorem 1.2.1 (Gromov's precompactness). Let S C Met be a uniformly 
totally bounded class of compact metric spaces, i.e., 

• 3 C > such that Diam(X) < C for all X £ S; 

• for all e > there is n = n(e) such that all X £ S admit an e-dense 
set with cardinality less then n(e). 

Then S is GH-precompact. 

We are now ready to recall the fundamental result concerning the pre- 
compactness of the set of Einstein metrics of positive scalar curvature. In 
our setting, this well-known result can be state as follow: 

Proposition 1.2.1. Using the previous notations: 

i(D(T« E /Diff(M))) 
is Gromov-Hausdorff pre- compact. 

Proof We need to show that i(D(J r M E )) is uniformly totally bounded. 
Then the statement follows by Gromov's pre-compactness 11.2.11 By Myers' 
Theorem, the diameters are uniformly bounded. Next, let be a finite 
2e-dense set in (M, J, u). W.l.o.g. we may assume that B(p, ^)f]B(q, |) = 
for all p,q G S2 e - All we have to show is a uniform bound on the cardinality 
of S2e- Using Bishop-Gromov volume comparison, we find 

Vol(M) Vol(S 2n (C)) 
1 2el ~ Vol(B( P ,l)) ~ Vol{B^)) ' 

where the last term in the above expression depends only on e and on the 
diameter bound. 

□ 

To fix some notations, let us call 
. Mm ■= i(D(T§ E /mS(M))); 
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i(D(T M E /BiS(M))) 



■GH 



• M M 



• dM M 



■GH 



M M \M M - 



On these spaces we consider the natural topology induced by the GH dis- 

GiT 

tance. By definition, Mm is Hausdorff and compact. We remark that 
(~m 

the "boundary" 8Mm shouldn't be considered a real boundary of the 
compactified moduli space: for reasons which will be clear later, the bound- 
ary should have real codimension at least two in A1m • Thus a better 
(and correct) way to think about the boundary, is given by considering it 
a "divisor" , in the sense of Algebraic geometry, in the compactified moduli 
space. 

The two fundamental questions to ask on the compactified moduli space 
Mm are the following: 



• What are the objects parameterized by 8Mm ? A priori we only 
know that they are compact (length) spaces. However, since a sequence 
of n-dimensional KE Fano manifolds is always non-collapsing (this 
follows immediately by Bishop-Gromov's volume comparison), it is 
not unrealistic to believe (and in fact it is true [33]) that the GH 
limits also carry the structure of an algebraic variety of dimension n 
which is compatible with the metric structure (e.g., Kahler away from 
the singularities). 

• Can we understand Mm "globally"? For example, it is interesting 
to explicitly identify this topological space and classify the varieties 
parametrized by it. 

We will discuss more carefully the second question in the next section. 
For the moment, we restrict our attention to the first problem, i.e., to the 
study of the "structure" of GH limits. 

The answer to this question has been known for a long time in the case 
of complex dimension two, i.e., for KE Del Pezzo surfaces: 



Theorem 1.2.2 (M. Anderson [2], G. Tian [93] Theorem 5.2). Let {X^Ui) 
be a sequence of KE Del Pezzo surfaces. Assume that 
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in the GH topology. Then (X^, oJod) is an irreducible KE Del Pezzo orbifold 
with isolated singularities of the form C 2 /T, where F is a finite group ofU(2) 
acting freely on C 2 minus the origin. Moreover these orbifold singularities 
must be of type T (compare Chapter 2 Theorem 1 2. 2. 1\ for a definition). 

The proof of this Theorem is based on an e-regularity result which pro- 
vides L°° controls of the full curvature tensor on balls of radius | in term 
of the L 2 norm of the curvature on balls of radius r, once this L 2 norm is 
small enough. The crucial fact is that the total L 2 norm of the curvature 
is a topological constant for KE Del Pezzo surfaces. Then by a standard 
covering argument one can show that the singularities are isolated. Finally 
one shows, using a removable singularities Theorem ([93J, Section 4), that 
the metric extends smoothly (in the sense of orbifolds). 

However little is known about the exact types of singularities of GH 
limits. It is known [S3] that the possible singularities need to be of type 
T (i.e., they must admit a Q-Gorenstein smoothing). We will discuss these 
singularities (and recall the definitions) in the next Chapter. 

In higher dimension the situation is much more complicated. We point 
out that GH limits could have singularities which are not of orbifold type: 
to be more precise, orbifold singularities should appear only in complex 
codimension two. Using the Cheeger-Colding-Tian theory of non-collapsing 
Riemannian manifolds with Ricci bounded from below [23], S. Donaldson 
and S. Sun recently proved in [M] that GH limits of KE Fano manifolds 
are singular Fano varieties (Q-Fano, see the definition in the next section). 
Very little is known about the behavior of the metric of GH limits near 
the singularities (especially in complex codimension bigger then or equal to 
three). 

1.3 Main Conjecture 

As we have already pointed out several times, the existence of a KE metric on 
a Fano manifold is conjectured to depend only on some algebraic geometric 
properties (stability) of the complex structure. With this expectation in 
mind, it is very natural to conjecture that the set of all KE Fano metrics 
on a fixed smooth manifold, together with its compactification made of GH 
degenerations, forms a space which admits an algebraic structure. Moreover 
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it is not too unrealistic to believe that this set can be "explicitly computed" 
in some situations (via some finite dimensional GIT construction). 

In order to make this Conjecture more precise, let us recall some defini- 
tions. 

Definition 1.3.1. A reduced, irreducible, normal variety X over C is called 
a Q-Fano variety if the following properties hold: 

• — Kx is an ample Q-Cartier divisor; 

• X has at most (Kawamata) log-terminal singularities (compare Ap- 
pendix B). 

Definition 1.3.2. We say that a Q-Fano variety X has Hilbert polynomial 
equal to hx if 

dimH°(X,-lK x ) = h x {l), 

for sufficiently big I. 

Recall that dimH°(X, -IK X ) = h(l) = X(-IK X ) for all I, by Kawamata- 
Viehweg vanishing Theorem (compare the first Chapter of |55j). Moreover 
note that in dimension two and three the Hilbert polynomial of a (smooth) 
Fano depends only on the degree, deg(X) := (—Kx) n - 

• n = 2, h x (k) = ^^deg{X) + 1; 

• n = 3, h x {k) = (t + T + n) de 9( X ) + 2fc + 1. 

The above formulas follow immediately by standard Riemann-Roch compu- 
tations. 

We are now ready to state the guideline Conjecture (basically a refor- 
mulation of the YTD Conjecture [UTUTTj) : 

Conjecture 1.3.1. Let A4(M n ,h) be the GH compactification of the 
space of isomorphism classes of KE metrics on Fano manifolds with Hilbert 
polynomial equal to h and with M n fixed underlying differentiable manifold. 
Then there exists a natural continuous ramified covering map 

D : X ^ M(M n ,hf H , 

where X is a compact projective algebraic variety. 
Moreover the following properties hold: 
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1. 3U C X Zariski open such that D\ u is onto the set of smooth KE Fano 
structures on M n ; 

2. X \U is a subvariety and D\ u is onto the set of singular KE Fano 
varieties appearing as GH degenerations. More precisely, every GH 
degeneration admits the structure of a Q-Fano variety; 

3. X should be a coarse moduli space for "stable" (e.g. K-polystable) Q- 
Gorenstein smoothable Q-Fano varieties with Hilbert polynomial equal 
to h, i.e., 

a j a 

X =:M(M n ,h) . 

It is important to make some comments on this Conjecture and to explain 
a bit more precisely the objects involved in it. 

• The map D in the above Conjecture should be given a-posteriori by 
associating to each point p £ X the metric space [X p , d g ] induced by 
the unique (up to automorphism) KE metric on the variety X p . This 
map should be continuous with respect to the analytic topology of the 
moduli space X and the GH topology of the target. 

• The reason why we believe that in general the map D is only a covering 
map (with finite fibers), and not an homeomorphism, basically has to 
do with the fact that the metric structure is insensitive to the operation 
of complex conjugation (i.e., sending the complex structure J to — J); 
compare Proposition 11.1.11 A way to repair this covering issue could 
be to consider "marked" KE Fano metric spaces (i.e., one should also 
remember the complex structure). 

• Point 1 in the Conjecture is related to the fact that it is believed that 
the set of smooth KE structures is itself of algebraic nature (quasi- 
projective). 

• Point 2 is related with the structure theory of GH degenerations of 
Fano manifolds briefly discussed at the end of the previous section. 

• Finally, point 3 is essentially the YTD Conjecture 10.0. II relating the 
existence of KE metrics to some algebraic notion of stability (e.g., K- 
polystability). It is natural to believe that the Conjecture extends to 
singular Fano varieties. One central problem is to detect which is the 
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exact class of "smoothable" Q-Fano varieties which should be added 
to the smooth ones in order to have a compact moduli space. We 
remark that the characterization of singular Fano varieties appearing 
in the boundary of the moduli space is unknown even in the case of 
Del Pezzo surfaces. The next Chapters will contain some results and 
conjectures about the characterizations of such degenerate Del Pezzo 
surfaces. 

In the remaining part of this section, we describe a general heuristic 
recipe to relate a set of "stable" Q-Fano varieties and GH compactifica- 
tions. Here our arguments we will be of quite vague nature. A more formal 
discussion of these arguments will be given in Chapters 4 and 5, where we 
will apply the ideas outlined in this section to some specific examples. 

Although the YTD Conjecture relates the existence of a KE metric with 
the "infinite dimensional" notion of K-polystability, it may happen that in 
many concrete situations this abstract notion of stability reduces to a clas- 
sical GIT stability notion (e.g., Chow stability for a fixed projective embed- 
ding). To fix notation and conventions, let us recall some basic definitions 
([77] for more information). 

Let G be a complex reductive group acting linearly on a projective va- 
riety X C P n , that is through a representation of G in SL(n + 1,C). 

Definition 1.3.3. Let x € X and x G C n+1 be a point lying over it. Then 

• If ^ G.x, then x is called semistable (and we write X ss for the 
G-invariant set of semistable points); 

• If G.x is closed in C n+1 and the stabilizer of x is finite, then x is called 
stable (X s set of stable points). 

x is called unstable if x is not semistable. x is called polystable if the orbits 
of x is closed (and no assumptions on the stabilizer). 

The crucial result in GIT is the following [77]: 

Theorem 1.3.1. (D. Mumford) Let G rx X C P n and let Y be the projective 
variety defined by X//G := Proj ® fc H°(X,Ox(k)) G (which is well-defined 
since the algebra of invariants is finitely generated for a reductive G). Then 
we have the following: 

3(p:X ss QX^Y 
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surjective, such that 



• x, y € X ss , tp{x) = v{y) G.x n G.y C\X SS ^$ 

• x,y £ X s C A ss , <p(x) = p(y) y = 5.x, g £ G 

This Theorem tells us that, to obtain a "good" geometric quotient (namely 
the projective variety X//G), we have to remove the unstable points and 
identify some semistable orbits. Moreover, the resulting projective variety 
can be thought as a natural compactification of the set of stable orbits. By 
the Kempf-Ness Theorem it is known that every semistable orbit has an 
unique polystable representative. Hence, set theoretically, the GIT quotient 
is in natural bijection with the polystable orbits. 

A canonical way to form moduli spaces using classical GIT is via Chow 
or Hilbert stabilities. We refer the reader to [77] for the precise definitions. 
Here we just recall that the main point consists in associating to a variety 
X C P n inside a given family (which may consists of varieties of the same 
degree or with equal Hilbert polynomial), a point [X] £ X C P N (the Chow 
point, or m-th Hilbert point depending on the stability notion considered). 
Then the GIT quotient of the Chow (Hilbert) variety X by the induced 
representation of SL{n + 1) can be considered to be the moduli space of 
(polystable) varieties ICT. A typical example is given by hypersurfaces 
in projective space. Here to each hypersurface we associated a point (the 
Chow point) in a projective space (the Chow variety) simply by considering 
the point defined by the coefficients of the equation of the hypersurfaces. 

Suppose now that we have a moduli of Fano varieties that is "naturally" 
associated to some classical "ad hoc" GIT stability notion. For example 
cubic surfaces in P 3 , intersection of two quadrics in P™ or other situations 
(we will encounter several examples in the next sections and Chapters). 
Thus we can apply GIT machinery to construct a compact projective moduli 
space of GIT "polystable" Fano varieties A4 . On the other hand, we 
may consider the problem of existence of KE metrics on such stable Fano 
varieties and then its associated GH compactification Ai 

The natural question is the following: when is, up to some finite quotient, 
M ALG ^ M GH ? 

Suppose that we know that a subset of "polystable" Fano manifolds 
admit KE metrics. A possible strategy towards this identification of moduli 
spaces can be the following: 
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1. Prove that GH limits of "KE points" in Ai are (poly)stable varieties 
which appear in the algebraic compactification considered (recall that, 
in contrast with the GH compactification, the algebraic compactifica- 
tion is non-canonical). 

2. Study the local structure of the moduli space around possibly singular 
KE Q-Fano varieties. 

3. Argue, using the previous two steps, that the identification between 
M ALG and M GIT holds. 

We will discuss the second point in the next section. The third point is 
related to some topological argument that one can apply in order to obtain 
the desired identification. Essentially it is based on exploiting the Hausdorff 
and compactness properties of the two moduli spaces together with a kind 
of "continuity method" where the "openness" part is related to the study 
of the local structure of the KE moduli space. A formal discussion is given 
when we study the GH compactification of cubic surfaces in Chapter 4. 

In the remaining part of the section, we focus our attention on the first 

point. First of all note that an algebraic compactified moduli space of Fano 

varieties A4 need to parameterize irreducible Fano varieties with at most 

log-terminal singularities in order to be a good candidate for being equal to 

the GH compactification. This follows by the theory of GH degenerations of 

KE Fano manifolds [34 1. Suppose that we find an algebraic compactification 
ALG 

Ai which parametrizes also non-normal Fano varieties. Then it may be 
possible to perform some birational modification of Ai ALG (compare the 
discussion of Del Pezzo of degree 2 in Chapter 4) to find a new compacti- 
fication which parametrizes Q-Fano varieties (which we can call geometric 
compactification). However we should stress that, in general, there can be 

more than one geometric compactification. 

ALG 

Suppose for simplicity that M. is realized as GIT quotient of a (com- 
ponent) of the Chow variety in a fixed projective space P n and assume that 
we have a non empty set of KE polystable smooth Fano manifolds (Xj,Wj) 
with 0(l) x . = —K^- We may assume that (Xi,LOi) — > G in the GH topol- 
ogy. Then the crucial point consists in showing that G is isomorphic to a 

polystable variety C P n (w.r.t. the same stability condition considered 

ALG 

for constructing Ai ). 
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In order to relate G with subvarieties of P n it is useful to consider the so 
called Tian's embeddings. We (re)-embed the variety X, by using sections 
which are L 2 orthonormal w.r.t. the KE metric, i.e., T{Xi) C P n (we will 
also refer to these embeddings as "KE Fano manifolds in Tian's gauge"). 
Since these bases of sections are defined only up to the compact group U(n + 
1) we may take a limit inside the (compact) Chow variety, i.e., T(Xj) — > W 
in the analytic topology of the Chow variety. We call W the flat limit. 
Moreover, it follows by L°° estimates on KE orthonormal sections [93] that 
we have a "map" : 

T 00 :G\U e — ► W C P™, 

where U e is some small neighborhood of Sing(G). In the case of Del Pezzo 
surfaces it is known [93j that Too is actually a rational map between the 
GH limit G and the flat limit W, and it is given by 1? orthonormal sec- 
tions (with respect to the orbifold KE metric of the GH limit) of the sheaf 
^— K%\sing{G)) ( w hich may be identified with the sheaf of orbifold sections 
by Hartog's Theorem). 

Moreover we should recall that G must have the same degree as Xj and 
the same Hilbert polynomial (since antiplurigenera are preserved under GH 
degenerations [93]). Similar results hold in higher dimensions (compare the 
very recent paper [33]). 

The crucial point consists in showing that the above map Too is an iso- 
morphism and W is actually a (polystable) variety. In general the map T^ 
is only rational with "image" that does not need to be of the same dimension 
as G. Moreover W can be a priori quite nasty, e.g., not irreducible. It has 
been shown by G. Tian in [93] and by S. Donaldson and S. Sun in |34) that 

becomes an isomorphism if we consider (re)-embeddings of Xj given by 
sufficiently high powers of the anticanonical bundles. These (re)-embeddings 
in higher dimensional projective spaces create of course severe problems for 
the relations between GH degeneration and the stability notion considered. 

If A4 already parameterizes "nice" varieties (i.e., it is a geometric 
compactification) , we may expect that (re)-embeddings in higher dimen- 
sional projective spaces are not needed. This can be verified in some situa- 
tions, using the particular geometry of the Fano manifolds considered. We 
will discuss examples of such situations in Chapter 4. 

The above picture fits particularly well with the notion of Chow stability 
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(in a given embedding). Recall that it is known that all smooth Fano man- 
ifolds have uniform embeddings in fixed projective spaces [63J. It would be 
interesting to know what happens to Chow stability in these "minimal" em- 
beddings (in particular which singular varieties are added to compactify the 
locus of smooth Fano varieties). We should also recall that Chow stability is 
also naturally associated to the KE problem: by the work of S. Donaldson 
[36], it is known that if a KE X has discrete automorphisms then it must 
be asymptotically Chow stable. However we should remark that there are 
several examples of KE varieties (with automorphisms or with singularities) 
which are not asymptotically Chow stable (e.g. [80]). Thus in general one 
should be careful in believing that Chow polystability captures the existence 
of a KE metric (and the GH compactification) . 

It may be that at the end the abstract notion of X-polystability is re- 
ally the correct one for the existence of KE metrics. Then one expects 
the algebraic compactification M. ALG := Ai^ to be a coarse moduli space 
parametrizing Q-Gorenstein smoothable K-polystable Q-Fano varieties of 
fixed Hilbert polynomial h. However it is not known that the set ac- 
tually carries the structure of some type of algebraic space. In particular it 
is not known if it is "Hausdorff" and "compact" (properties which hold for 
the metric compactification). 

1.4 Local Moduli problem 

The central question discussed in this section is the following: let (Xq,ojo) 
be a (smooth) KE Fano variety and let Xt be a small deformations of Xq 
(i.e. a variation of the complex structure). Under which conditions does Xt 
carry a KE metric? If this metric exists, is it GH close to the metric on Xq! 
We can decompose the problem into four cases: 

1. (Xq,ujq) is smooth and Aut(Xo) is discrete; 

2. (Xo,ujq) is smooth and dimcAut(Xo) > 0; 

3. (Xo,ujq) is "singular" and Aut(Xo) is discrete; 

4. (Xo,u>o) is "singular" and dimcAut(Xo) > 0. 

Some remarks are needed. In the next paragraphs we will discuss the 
known results in the case of smooth Fano manifolds (cases 1 and 2 above). 
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Then we will focus our attention on the singular cases. However we will 
describe only the general picture: more precise statements are postponed to 
the next Chapters (e.g., 2, 3 and 5). 

In order to make the metric deformation theory of KE Fano manifolds 
precise, let us recall very briefly the deformation theory of smooth Fano 
varieties. By the classical theory of Kodaira-Spencer-Kuranishi (compare 
[76]), given a complex manifold X one has that its versal deformation space 
is given by the analytic germ Def(X) := ob x (0), where ob x denotes the 
obstruction holomorphic map: 

ob x : T x := H l {X, G x ) — > T 2 X := H 2 (X, G x ). 

Here Gx denotes the sheaf of holomorphic vector fields on X. If X is a Fano 
manifold, we have the following. 

Lemma 1.4.1. Let X n be a n- dimensional Fano manifold. Then 



In particular its versal deformation space Def(X) can be identified with an 
open neighborhood of the origin in T x . 

Moreover every X% with t G Def(X) sufficiently small is itself an n- 
dimensional Fano manifold. 

PROOF By Serre duality T 2 X = H 2 {Q X ) = H n - 2 (Q X ® K X Y '. More- 
over by Kodaira-Nakano vanishing (e.g. ,[76] Chapter 7) H n ~ 2 (@ x K x ) = 
H n - 2 (Q}(K X )) = since K x is negative. 

In order to prove that small deformations of X are Fano, let us recall 
that we may assume that X is isomorphic to a fiber Xq of a fibration 

vr : X -> Def(X), 

i.e. X = 7r _1 (0) =: Xq, X is a smooth complex manifold and ir an holo- 
morphic submersion. Let —Kx/Def(X) be the relative anticanonical bundle. 
By hypothesis —Kx / Def(X) t Xo — ~^x is ample. By [63] . Proposition 1.41, 
it follows that ampleness is an open condition in a family, i.e., for t small 
enough Xt has ample anticanonical bundle. □ 
Recall that if Aut(X) is discrete then Def(X) is actually a universal de- 
formation. Hence Def(X) may be identified, up to some finite symmetries, 
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with a neighborhood of the moduli space. 

With the above observation and Lemma 11.41 in mind, it makes sense to 
define 

ViTdimM[ X ] ■= ^(©x) - dim c Aut(X), 

to be the the virtual dimension of the moduli space around X. 

However recall that the action of the non-compact group Aut(X) on the 
versal deformation space Def(X) can be quite nasty. In particular the space 
Def(X)/Aut(X) equipped with the quotient topology won't in general be 
Hausdorff. 

Since smooth Fano threefolds are classified (by V. Iskovskikh, S. Mukai, 
etc. .. compare [55]), it is interesting to compute the virtual dimension of 
their moduli spaces as a function of (some of) the principal invariants of the 
classification (see the Appendix of [55J for a complete list of Fano 3-folds in 
terms of their principal invariants). 

Proposition 1.4.1. Let X be a smooth n- dimensional Fano manifold. Then 

• for n = 2, VirdimM[ X ] = 10 - 2deg(X); 

• forn = 3, VirdimM [X ] = 18 - p(X) + \ (b 3 (X) - deg(X)); 

• in general, VirdimM^x] = —td{X).ch{X). 

Here deg(X) = {-K x ) n , p{X) = b 2 (X) (the Picard rank), td(X) the Todd 
class and ch(X) the Chern character. 

Proof By Serre duality and the Kodaira-Nakano vanishing Theorem 
h^Qx) = fr n_i (©£ <8> K x ) = h^i&iKx)) = if i > 2 since -K x is 
ample. Thus it follows by Hirzebruch-Riemann-Roch that — VirdimTWjx] = 
x (Qx) = td(X).ch(X). Recall that td(X) = 1 + f + + ^ + . . . and 
ch(X) = n + ci + y — C2 + ^- — + ^ + . . . , where q denotes the ith-Chern 
class of the tangent bundle. A computation shows that 

• n = 2: VirdimA^jx] = — § — L - Since — Kx is ample, it follows by 
Kodaira vanishing that 1 = x(@x) = td(X), that is C2 = 12 — cf. 
Thus VirdimA'ljx] = 10 — 2c\ as desired. 

• n = 3: VirdimA4[x] = — if — "J + ^f c i c 2- Kodaira vanishing, 
c\C2 = 24. Using C3 = e(X) =2 + 2/3 — 63, w e find VirdimA4[x] = 
18-p(X) + |(6 3 (X)-cf). 
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□ 

Of course, in the case of Del Pezzo surfaces the above formula for the 
dimension of the moduli space agrees with the count given by looking at 
the ways one can realize a Del Pezzo surface as a blow up of points in P 2 . 
Browsing the list of Fano 3- folds, it emerges that the virtual dimension is 
positive in many cases. For example in the case of Mukai-Umemura 3-folds 
we observe that the virtual dimension of their moduli space is 6 (later in this 
section we will discuss a possible description for a 6 dimensional compactified 
moduli space of "stable" (KE?) Mukai-Umemura varieties). We may also 
point out that if the degree of a Fano 3- fold is sufficiently big (i.e., bigger 
than 38) the virtual dimension is negative (i.e., there are holomorphic vector 
fields). Around 1/3 of the deformation classes of Fano 3-folds are in this 
range. 

Case 1 

For smooth Fano manifolds with no continuous families of automorphisms, 
the study of deformations of KE metrics is well known: 

Theorem 1.4.1. Let (Xq,loq) be a smooth KE Fano manifold with Aut(Xo) 
discrete. Then for all t 6 Def(X) sufficiently small, Xt admits a (unique) 
KE metric uot which is GH close to ujq. 

Proof We want to solve the equation 

E(t, <p) := (fit + idd t if) n - el*-*® = 0, 

for t small. Here fit denotes a background Kahler form in c\(Xt) and ft its 
Ricci potential, i.e., Ric(f3 t ) =fit + idAft- 

W.l.o.g. we may assume that we have fixed the background smooth 
structure, say M, and Xt is a Kahler manifold for a smooth family of inte- 
grable complex structures Jt where t is now a real parameter and /3o = ujq 
(and f = 0). 

Then 

with kernel isomorphic to the Lie algebra of holomorphic vector fields on 
Xq, via 4> — > (d<p)^o (compare [M] or the proof of Proposition l5.3.Tj) . By 
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our hypothesis we know that this linear operator has no kernel. Note also 
that it is formally self-adjoint. 

Thus realizing the operator E(t, ip) in suitable Banach spaces (e.g., C^ 7 ), 
it follows by the implicit function Theorem that E(t,(p(t)) = for some 
smooth <p t and small t. That is uit '■= fit + idtdt<p>{t) is the desired KE form. 

In order to see that ut is GH close to ojq, it is sufficient to observe that, 
on the level of smooth metric tensors on M, \\go — gt\\g — > as t — > and 
apply Lemma ll.2.1i 

□ 

For example the above Theorem can be used to prove that small de- 
formations of KE Del Pezzo surfaces of degree d < 4 admit KE metrics. 
In particular, up to a finite group action, we may identify Def(X) with a 
neighborhood of LXo,wo] in the space of KE metrics. 

Case 2 

In the presence of a continuous family of automorphisms the situation is 
more subtle. In fact, as we can see by looking into the proof of Theorem ll.4.1l 
non-trivial holomorphic vector fields give obstructions to the invertibility of 
the linearized equation. However, thanks to the work of G. Szekelyhidi [91] 
(and the PhD Thesis of T. Bronnle [IS]), also in this case the behavior of the 
KE metric under small deformations is completely understood. Szekelyhidi's 
Theorem holds more generally for K-polystable deformations of cscK metric. 
In the Fano framework, his Theorem assumes the following form: 

Theorem 1.4.2 (G. Szekelyhidi). Let (Xq,ojq) be a smooth KE Fano man- 
ifold with dimc.Aut{Xo) > 0. Then Xf for t £ Def{Xo) sufficiently small 
admits a (unique up to automorphisms) KE metric ut if and only if t 
is polystable (i.e., the orbit is closed) with respect to the linear action of 
Aut(Xo) on the Kuranishi space T^. 

Moreover the KE metrics on the polystable deformations are close to the 
metric ujq in the GH sense. 

Proof The proof of Szekelyhidi uses the description of the cscK equa- 
tion as a moment map for the action of (exact) symplectomorphisms on the 
infinite dimensional space of complex structures compatible with a fixed 
symplectic form /?. We outline very briefly the main steps in the proof and 
we explain why in the Fano case the Theorem has the form we stated. 
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The crucial point in his argument is to show that there is a finite dimen- 
sional reduction of the problem, i.e., an equivariant map for the action of 
complexification of the group of Hamiltonian isometries K c of (Xq, ujq = j3) 

$ : B C — ► J p . 

Then one shows that if v £ B, sufficiently small, is polystable for the linear 
action of K c , then one can deform v in its K c orbit to v with fi(v) = 0, 
where [i is the cscK equation (moment map). 

If (Xq,Wq) is a smooth KE Fano manifold, then we may fix uiq as back- 
ground fixed symplectic form and look at the complex structures compatible 
with it. This is not a restriction, since every small Fano deformation of Xq 
has ci(Xf) = ci(Xq) £ H 2 (M,Z<) (where M is the underlying smooth man- 
ifold). Then by the general theory of deformations previously explained, 
we may assume that B is contained in the space of versal deformations 
Def(Xo). 

Since Xq, being Fano, is simply-connected (compare, for example, [9 J 
Theorem 6.12), every isometry (in the connected component of the iden- 
tity) is Hamiltonian. Moreover it follows by Matsushima's theorem that the 
complexification of the isometry group is the group of holomorphic automor- 
phisms. Finally, it is sufficient to recall that the cscK equation reduces to 
the Einstein equation when we are considering (anticanonical) polarizations. 

In order to see that the condition of being polystable is not only sufficient 
for the existence of an Einstein metric but also necessary, observe that if Xt 
is not polystable we can find a 1-ps (parameter subgroup) degeneration to 
a polystable (hence KE) Fano X s for s 6 Def(Xo). In particular it follows 
by a result of G. Tian on analytic stability of smooth Fano manifolds [94| 
that X s cannot carry a KE metric. For another point of view, observe that 
the Donaldson-Futaki invariant of the considered 1-ps is 0, but the induced 
test configuration is not trivial, i.e., X s is not -RT-polystable. 

The fact that polystable (X t ,0Jt) and (Xq,ujq) are close in the GH sense 
follows by the way the KE metric ojt is obtained from an implicit function 
Theorem argument. 

□ 

As a consequence we may identify, up to a finite quotient, a neighborhood 
of [Xq,wo] m the space of KE metrics with a neighborhood in the GIT 
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quotient Def{X )//Aut (X ). 

A well-known example where the above Theorem 11.4.21 applies is the 
case of the Mukai-Umemura Fano threefold U22 (compare |94j and [40] ). 
U22 admits a KE metric and has PSL(2, C) as automorphism group. Then 
Def{U22) can be identified as an open neighborhood of the origin in the 
9-dimensional space Some of the orbits of the action of PSL(2,C) on 

T\j are not closed (hence the corresponding "Iskovskikh threefolds", i.e., 
smooth Fano threefolds of degree 22 and Picard rank one, do not admit KE 
metrics). On the other hand, KE metrics exist on all small deformations 
corresponding to the closed orbits. 

As a small digression, we can mention that the way Iskovskikh threefolds 
are constructed, is naturally associated with a classical GIT framework. 
Recall that smooth Iskovskikh threefolds are given by the zero set of three 
generic sections Si of A 2 U^ — > Gr^(V), where U is the tautological vector 
bundle over the Grassmannian. Then the classical six dimensional GIT 
quotient 

7W7 ALG := Gr 3 (A 2 V^)//SL(V), 

where V is a 7-dim vector space and the linearization of SL(V) is induced by 
Pliicker embedding, can be a good candidate for being the GH compactified 
set of Iskovskikh threefolds. Thus 

ALG 

Question 1.4.1. Does A4j parameterizes only Q-Fano varieties ("de- 

ALG 

generate Iskovskikh threefolds")? If it is so, is Mj homeomorphic to the 
GH compactification of the set of smooth KE Iskovskikh manifolds (which 
is not empty, since it contains Mukai-Umemura threefold U22 and some of 
its deformations)? 

Cases 3 and 4 

The above two cases 1 and 2 explain completely what happens around 
smooth KE Fano manifolds from the metric view point. However, to study 
the GH compactification, it is also important to look at the deformation the- 
ory of singular KE spaces. Before starting to talk about deformation theory, 
it is important to say something on what a "singular" KE Fano manifold is. 

The underlying complex variety must be a Q-Fano variety X (i.e., ir- 
reducible, normal, with log-terminal singularities and ample Q-Cartier an- 
ticanonical divisor). A KE metric u) on X must be, first of all, a smooth 
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(incomplete) KE metric on the smooth part X\Sing(X). The crucial prob- 
lem consists in describing what happens at the singularities. A first basic 
property which is desired, is that the metric completion of (X \Sing(X),uj) 
is topologically equal to the variety X itself. 

In the case of quotient singularities, the natural class of metrics to con- 
sider is of course the class of orbifold metrics. However recall that, by virtue 
of the results recalled in the previous section and Schlessinger's rigidity The- 
orem on isolated quotient singularities of dimension bigger then or equal to 
three [83J, the KE Fano orbifolds which are expected to appear in GH com- 
pactifications should have singularities locally of the form 

c" -2 x c 2 /r, 

with r C U(2) finite acting freely away from the origin. For example, in the 
study of KE compactified moduli spaces of Fano 3-folds, we can avoid the 
study of rigid, in the sense of smoothability, KE Fano varieties with isolated 
singularities of the form C 3 /T, with T € U(3) acting freely away from the 
origin. However we can not avoid Fano manifolds which are singular along 
complex curves. In the case the singular locus is a smooth complex curve, 
then the KE metric to consider is of orbifold type (we will show an example 
of this kind of singular KE Fano variety at the end of Chapter 5). 

On the other hand it is also unavoidable to consider singularities which 
are not of orbifold type. The simplest singularity of this kind is the node 
{z\ + • • • + z 2 = 0} C C n . In general the existence theory of KE metrics 
on these singular spaces is quite complicated. In [TJ] the authors consider 
"weak" solutions to the KE equation and give sufficient condition for the 
existence of such singular KE metrics. However nothing can be said at 
present about the "asymptotic" behavior of the metric near the singularities. 
As we will explain later in Chapter 5, we expect that the KE metric has 
some asymptotic rate of decay to some Calabi-Yau (CY) cone metric at the 
singularities. To the author knowledge, no examples where decays can be 
computed are known. This lack of information makes the study of the KE 
local moduli space at this singular space hard to tackle. 

As we will carefully explain in Chapters 2, 3 and 5, a way to study the de- 
formation theory of KE metrics at singular KE Fano varieties is via "gluing 
techniques" . The rough idea (at least for isolated singularities) is to reverse 
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the GH degeneration picture by "gluing" an asymptotically conical (AC) 
CY metric on a small deformation of the singularity and "deforming" the 
approximate solution to a genuine KE metric. Thus a crucial input in the 
construction is given by CY metrics on smoothings of the singularities which 
satisfy some curvature decay at infinity. In the case of two dimensional orb- 
ifold singularities one can consider, for example, Kronheimer's ALE metrics 
[66j . In higher dimension some examples of these AC CY metrics are known 
(e.g., Stenzel's metric on the smoothing of a node [87] and the examples in 
the recent paper |28j). 

In chapter 2 we will describe the expected picture in the case of Del 
Pezzo orbifolds. In Chapter 3 we will study the deformations of nodal Del 
Pezzo surfaces, verifying a case of the Conjecture made in Chapter 2. In the 
last Chapter we will briefly discuss deformations of nodal Fano varieties. 
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Chapter 2 



KE metrics on (singular) Del 
Pezzo surfaces and 
deformations 

We begin this Chapter by briefly discussing the problem of existence of KE 
(orbifold) metrics on singular Del Pezzo surfaces. In particular, we describe 
a relation between the degree of a singular KE Del Pezzo surface and the 
(maximal) order of the orbifold groups. Then we show an easy example of 
a countable family of topologically distinct singular KE Del Pezzo surfaces 
which we prove to be not asymptotically Chow semistable. These obser- 
vations, which we believe should be well-known to the experts, illuminate 
the difference between the case of smooth and singular Del Pezzo surfaces. 
In particular, it is clear that without establishing a precise link with some 
stability (e.g., K-polystability), the problem of classifying singular KE Del 
Pezzo surfaces seems to be hopeless. 

The subsequent two sections are devoted to the study of some special 
classes of singular KE Del Pezzo surfaces, i.e., Del Pezzo surfaces which 
admit smoothings. This investigation is of course crucial in understanding 
how the KE compactified moduli space looks at its boundary points. After 
reviewing the deformation theory of complex spaces, with emphasis on the 
case of log-terminal Del Pezzo surfaces, we make a Conjecture on the ex- 
pected behavior of the KE metrics under Q-Gorenstein smoothings. Finally 
we show an example of two KE Del Pezzo surfaces, of degree one and two, 
which admit Q-Gorenstein smoothings and have genuine log-terminal singu- 
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larities (i.e., non-canonical). In view of a Conjecture of Tian ([96], pag. 387), 
these examples look quite unexpected. As a byproduct of the construction 
of these examples, we get a self-contained easy proof of the classification of 
Q-Gorenstein smoothable toric KE Del Pezzo surfaces of Picard rank one. 

Remark 2.0.1. In this Chapter we use several times some results from 
Toric Geometry. In Appendix A we have collected the principal "Toric 
Propositions" we used. 

2.1 The landscape of KE log-terminal Del Pezzo 
surfaces: an overview 

It is classically very well-known that there are only 10 topological types 
of smooth Del Pezzo surfaces, namely P 2 , P 1 x P 1 , and the blowup of P 2 in 
strictly less then 9 points (in very general position). However, it is important 
from the viewpoint of both algebraic and differential geometry to enlarge the 
category of smooth Del Pezzo surfaces by including some kind of singular 
varieties. A natural class to consider is given by the collection of the so 
called log-terminal Del Pezzo surfaces. 

Definition 2.1.1. A normal complex two dimensional variety X is called 
a log-terminal Del Pezzo surface if — Kx is an ample Q-Cartier divisor and 
the singularities of X are at most log-terminal, i.e., Discrep(X) > — 1. 

Remarkably, in complex dimension two the concept of log-terminal sin- 
gularity coincide with the concept of quotient singularity (orbifold), i.e., 
singularity of the form C 2 /T with V finite subgroup of U{2) acting freely on 
C 2 \ {0}. The important class of canonical singularities (Discrep(p) > 0), 
also known as ADE singularities, is given by quotients of C 2 by a finite 
subgroup of SU(2). 

In contrast to the case of smooth Del Pezzo surfaces, the number of 
topological types of log-terminal Del Pezzo surfaces is unbounded, i.e., there 
are infinitely many non homeomorphic singular Del Pezzo surfaces. An 
easy example of this phenomenon is given by considering the log-terminal 
Del Pezzo X n defined by blowing down the (— n)-curve in the Hirzebruch 
surface F n := P(0©0(— n)), i.e., X n is equal to the weighted projective 
plane P(l, l,n). Observe that Discrep(X n ) = — 1 + ~ > — 1 and deg(A n ) = 
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Kx n -Kx n = > +00 (recall that for smooth Del Pezzo surfaces the 

anticanonical degree is always an integer between 1 and 9). 

From a differential geometric perspective it is natural to ask which log- 
terminal Del Pezzo surfaces admit orbifold Kahler-Einstein metrics. The 
answer is completely known for smooth Del Pezzo |93j surfaces, but it re- 
mains rather mysterious for the singular ones: it is known that some of them 
admit KE metrics (by a-invariant computation, compare for example [25], 
[26| ) and that some do not (by Futaki invariant computation [31] )■ However 
an algebraic characterization is still missing. Of course, it is quite natural 
to believe that there should exist a notion of stability (e.g., K-polystability) 
capturing the existence of KE orbifold metrics. 

The technique used by Tian to study the existence of KE metrics in 
the smooth case is based on a continuity method through deformation of 
the complex structure on a topologically fixed smooth Del Pezzo. This 
technique has two disadvantages. Firstly, it requires a starting point, that 
is a KE metric for some special complex structure. Secondly, a case-by-case 
analysis using numerical properties of the anticanonical divisors is needed 
in order to prove closedness. These observations, together with the previous 
discussion on the topological type of log-terminal Del Pezzo surfaces, suggest 
the difficulty to extend Tian's approach to orbifold Del Pezzo surfaces. 

Finally it is worth noting that a new proof of the existence of KE metric 
on smooth Del Pezzo has been found using the Kahler-Ricci Flow [99J . This 
method has the advantage of not requiring a starting KE metric and of 
generalizing partially in a natural way to the orbifold setting. However a 
case-by-case analysis (again based on refined a-invariant computations) is 
still needed to prove the convergence of the flow. 

In the next paragraphs, we describe some properties of singular KE Del 
Pezzo surfaces. 

We begin by showing that there are restrictions on the anticanonical 
degree of KE Del Pezzo surfaces. Similar results were also obtained by Tian 
for GH degenerations of smooth KE Del Pezzo surfaces (compare Theorem 
5.2 in [93]). His estimate has the same shape as our estimate given in the 
below Proposition. However, his estimate contains a 48 instead of our 12. 
We believe that 12 is the correct number (see the proof below). Having this 
new control on the degree will be important in the discussion of Chapter 4 
concerning GH degenerations of Del Pezzo surfaces. 
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Theorem 2.1.1. Let X be a KE log-terminal Del Pezzo surface. Define 
|r max | := max pg5 j n9 ( X ) |r p |, then 

\T max \deg(X) < 12. 

Proof W.l.o.g. we can assume that the metric satisfies Ric(g) = 3g, so 
that, by the orbifold version of Myers' Theorem [T7], diam(X) < %. Using 
the Bishop-Gromov volume comparison for orbifolds |17| . for all p £ X the 
function 

Vol(B(p,r)) 
r Vol{B(r)) ' 

is non- increasing with limit as r — > equal to pJ-r, where B(r) denotes the 
ball of radius r in the standard sphere of radius one <S 4 (1). 

Combining the diameter estimate with the volume comparison, we find 
that 

Vol(X)\T p \ < Vol(S A (l)). 

The condition Ric(g) = 3g implies that the associated Kahler form uj satis- 
fies [w] = ?fc\ rb (X). Then 

Vol(X) = f x % 

- 9 JX C 1 

= ^deg(X). 

Recalling that Vol(S A (l)) = |vr 2 and taking p equal to the point where the 
order of the orbifold group is maximal, we find the desired estimate with 
"<" instead of "<" . To remove the equality case, it is sufficient to note that 
if the equality is achieved, then X is a finite quotient of the sphere (compare 
|17|). But this is impossible, since X is Kahler. □ 

Since for singular log-terminal Del Pezzo surfaces |r max | > 2, we imme- 
diately find that the degree must be bounded from above. More precisely 
we have: 

Corollary 2.1.1. Let X be a singular KE log-terminal Del Pezzo surface. 
Then 

deg(X) < 6. 

As an easy application of the above corollary we observe that the surfaces 
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P(l, l,n) do not admit KE orbifold metrics, since deg(A n ) > 8 for n > 2 
(compare also [39] and [82]). 

Another consequence is the following restriction on the type of singu- 
larities of KE Del Pezzo surfaces with canonical singularities (see Appendix 
B): 

Corollary 2.1.2. Let (X,u) be a KE Del Pezzo surface with canonical 
singularities. Then, denoting with d := (—Kx) 2 the degree, 

• d = 4; Sing(X) consists (at most) of points of type A\; 

• d = 3: Sing(X) consists (at most) of point of type A\ and A 2 ; 

• d = 2: Sing(X) consists (at most) of point of type A\, A 2 , A^ and A±; 

• d = 1: Sing(X) consists (at most) of point of type A\, A2, A$, A4, 
A$, Aq, Aj, Aq and D±. 

Note that in degree one case singularities of type Ag, Aiq and An cannot 
exist by obvious Picard rank considerations. The above Corollary should be 
compared with Conjecture 1.19 in [27]. However, we will show later that the 
above restriction on the singularity type is only a necessary condition. In 
fact, there exist Del Pezzo surfaces of degree four with only one nodal sin- 
gularity which do not admit (orbifold) KE metric (see Corollary 13. l.ip . The 
natural Conjecture about existence of KE metrics on Del Pezzo with canon- 
ical singularities is the following: a Del Pezzo with canonical singularities 
admits a KE if and only if is K-polystable. 

Next, it is natural to ask if the set of KE Del Pezzo orbifolds consists 
of finitely many distinct topological types. However it is easy to construct 
a sequence of distinct KE Del Pezzo orbifolds with deg(Y n ) — > (which is 
possible since the anticanonical divisor is only Q-Cartier). 

Proposition 2.1.1. Let (Y n ) n ^ be the following family of toric surfaces 
defined by the complete fan whose minimal generators of the rays are 

v\ := (-n,l),« 2 = (n,l),« 3 = (n, -l),-u 4 = (-n, -1) 

Then Y n are Kahler-Einstein log-terminal Del Pezzo surfaces satisfying 

• Sing{Y n ) = 2C/Z 2n + 2A 2n _ 1 , deg{Y n ) = i and Discrep{Y n ) = -l + £; 
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Here with C/7*2n we denote the singularity given by the cone over the Veronese 
embedding o/P 1 of degree 2n. 

In particular, the number of topological types of KE log-terminal Del 
Pezzo surfaces is unbounded. 

Proof The proof follows by elementary computations in toric geometry 
together with the fact that for toric varieties the existence of a KE metric 
is equivalent to the vanishing of the Futaki invariant [M], i.e., Bar(P^) = 
where P^ denotes the moment polytope (see Appendix A). □ 

The final observation about singular KE Del Pezzo surfaces is related 
to "stability". It follows by Mumford's criterion for instability of singu- 
lar varieties [77] that the above KE varieties Y n are not asymptotic Chow 
semistable. Similar examples, in the CY and negative first Chern class case, 
have been considered in |80j. 

Corollary 2.1.3. Let Y n be the singular KE Del Pezzo surface defined in 
Proposition \2. 1 . H Then Y n is not asymptotically Chow semistable for n > 4. 

Proof 

Mumford's instability criterion states that if a variety X is asymptotic 
Chow semistable then 

Mult(p) < (dimc(X) + 1)!, 

for all p G X, where Mult(p) (the multiplicity) denotes the coefficient of 
maximal degree of the Hilbert- Samuel polynomial, i.e., 

\ ml J n\ 

where n = dim(X) and m p is the maximal ideal at p. 

The value of the multiplicities of the singularities we are considering is 
well-known [BJ. For sake of completeness, we provide an elementary proof. 
The singularities of Y n are given by two canonical singularities of type 
and two cones over Veronese embeddings. Since canonical singularities in 
dimension two are defined by a single polynomial in C 3 of multiplicity two 
at the origin, Mult(p) = 2 for p an point. To compute the multiplicity 
of the cone Vd over the degree d Veronese embedding of P , it is sufficient 
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to note that 



Then a simple computation shows that 

that is Mult(p) = d. 

Applying the above computations to our surfaces Y n , we find that Y n 
has singularities of multiplicity equal to 2n. Hence Mumford's instability 
criterion is satisfied as long as n > 4. 

□ 



In the next sections of the Chapter we are going to study the class of 
singular KE Del Pezzo surfaces which admit a smoothing. This class is of 
course particularly important for the study of the metric compactification 
of the moduli of smooth KE Del Pezzo surfaces. 



2.2 Deformations of Del Pezzo orbifolds 

Let (Xq,uq) be a KE Del Pezzo surface with log-terminal singularities. It is 
then natural to ask when (partial) smoothings Xt of Xq carry KE (orbifold) 
metrics oot which are close in the GH sense to the metric <jJq. As we have 
already pointed out in the first Chapter, the investigation of the metric 
behavior under small deformations (smoothings) of the complex structure is 
crucial for understanding the local structure of the GH compactification at 
the "boundary". 

Before stating a conjectural answer to the above question, we need to 
collect some facts about deformations of Del Pezzo orbifolds. The mate- 
rial should be well-known, but is sometimes quite difficult to find in the 
literature. Our main references are [51], [ST], [72], [52], [22] , 

By the work of Grauert on the general theory of deformations of complex 
spaces [51], it is known that for every X there exists a versal (or semiuni- 
versal) deformation, i.e., a deformation (flat family) U — > Def(X) which 
has the property that every other deformation X — > S of X is obtained 



42 



from it by pulling back by a (not necessary unique) map S — > Def(X). 
Recall that if X is a smooth variety, Def(X) C = H l (X,@ x ) is 
a germ of an analytic space with equations given by an obstruction map 
ob : T x — > T x = H 2 (X, @x)- In particular if = (as in the case of Fano 
manifolds) then Def(X) is an open set of T^. 

To study the deformation theory of a singular X, it is important to 
consider the following exact sequence (the 5-term exact sequence associated 
to the Grothendieck local-to-global spectral sequence), 

H l (X,T x ) -> H°(X,T X ) -> H 2 (X,T X ) -> 

where, for notational simplicity, we have defined T^- := (fi^, Ox) and 
T x := £xt l (Q x , Ox)- Here Q x denotes the sheaf of Kahler differentials. 

The following result is well-known [52] . For reader convenience we sketch 
a simple proof. 

Lemma 2.2.1. Let X be a Del Pezzo surface with log-terminal singularities. 
Then 

H 2 (X,T X ) = 0. 

□ 

Proof By hypothesis X admits at most isolated quotient singulari- 
ties. By Hartog's Theorem, the sheaf i* (Hom(Q x , Cx ))|x\Sing(X)' wnere 
i : X \ Sing(X) M- X denotes the inclusion, is equal to the sheaf @ x b of orb- 
ifolds holomorphic vector fields. Since depth.(T-Lom(Q x ,Ox)) = 2, we have 
Hom(n x ,O x ) = u (Hom(n x ,Gx )) lX \ Shlg{x y Thus h* (Hom(n x ,O x )) = 
/i^Gf 6 ) if i > 0. 

Now the proof in the orbifold case is identical to the prove in the smooth 
case. By (the orbifold versions of) Serre duality and Kodaira-Nakano van- 
ishing Theorem, h 2 (Hom(n x , O x )) = h 2 {Qf>) = h° (n 1 orb {K x " b )) = since 
K x b is negative. □ 

By the above Lemma it follows that the space of infinitesimal deforma- 
tions T^- of a Del Pezzo orbifold splits (non-canonically) as 

T^^F 1 (r x )eF°(r^)^ J ff 1 (e^)e c n(p) , 

pGSing(X) 

where n(p) denotes the dimension as a C-vector space of the stalk T x (note 
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that on the smooth locus U = X \ Sing(X), (Tx)\u = since ^ s locally 
free) . 

One could think that, in the case of Del Pezzo orbifolds, Def(X) is an 
open subset of T^, since H 2 (X,T%) = 0. However the situation is a bit 
more subtle (obstructions are in T^). 

Let V p be the germ of a singularity of X and let Def(V p ) be its versal 
deformations space. Then one can consider the natural map 

4) : Def(X) -> x pe Smg(X) De f( V p)- 

The condition on the vanishing of H 2 (X, Ty) implies that there are no local- 
to-global obstructions to deform X. More precisely: 

Proposition 2.2.1. Let X be a surface with log-terminal singularities. If 
H 2 (X,T%) = 0, then 

: Def(X) x pe Sing(x) De f( V p)> 

is surjective. 

A proof can be found in Manetti's PhD Thesis [72] Chapter 3. 

In order to understand the deformation theory of orbifolds, it is then es- 
sential to study the (local) deformation theory of quotient singularities. Let 
V p be an isolated quotient singularity. Then it is known (compare [22J) that 
Def(Vp) can be identified with an analytic subset of the finite dimensional 
C- vector space Ext 1 (fly , Oy v ) p with equations given by an obstruction map 

ob : Ex^{Q\r p ,Ov p ) p £xt 2 (tt l Vp ,0 Vp )p. 

Before proceeding, let us see two examples of two singularities which are 
important for us. Let V p = {/ = 0} C C 3 be the germ of a canonical 
singularity. An important Theorem of G. Tjurina |97j and, independently, 
A. Kas and M. Schlessinger [57] says that for two dimensional canonical 
singularities there are no obstructions to the deformations and Def(V p ) can 
be identified with an open subset of the stalk of Sxt 1 , which in this case is 
simply given by 

De/TO C SxtHnk, Ov r ) r * Oc»,„/ (/, ^, ^) • 



44 



For example if f(xi, x^, x%) = x\ + x\ + x 3 , i.e., an A^-i singularity, then 
we can take {x^~ 2 , x^~ 3 , . . . , x 3 , 1} as a C-basis of £ xt^(Qy , Oy v \. In the 
above case the total family of the deformation space is given by {F(x, t) = 
0} C x where 

F(x, t) = x\ + x\ + x\ - tix\~ 2 - t 2 x\~' i t k . 

The other interesting example is given by considering the cone over 
the degree 4 Veronese embedding of P . This is a quotient singularity 
given by the action of Z4 on C 2 generated by ild. As first observed by 
H. Pinkham, this singularity admits a reducible (hence singular) deforma- 
tion space Def(C 2 /Z 4 ). Def{C 2 /Z 4 ) C Ext 1 (n^ , Vp ) p consists of two 
(smooth) irreducible components, of dimensions 1 and 3. The one dimen- 
sional component can be described as follows. Consider the ordinary node 
x\ + x\ + x\ = and its smoothing x\ + x\ + x\ = t. These spaces (and 
the total family of the deformations) admit a holomorphic Z2 action given 
by Xi — > —X{. It is easy to check that C 2 /Z4 = (C 2 /Z2)/^2. Thus the 1 
dimensional component parameterizes the smoothing of C 2 /Z 4 given by the 
Z,2-quotient of the smoothing of the node. 

The three dimensional component admits the following description (com- 
pare [88J, first Chapter). We can embed C 2 /^4 in the affine space, using 
invariant functions, as a cone over the degree four Veronese embedding of 
P 1 . Its equations are given by 

rkf Z ° 21 22 Z A<1. 
\ Zl z 2 z 3 z 4 J 

The three dimensional component parametrizes deformations of the form 

, ( Z Zi+Sl Z 2 + S 2 Z 3 + S3 \ ^ 
\ Zl z 2 z 3 z 4 J ~ 

Sxt 1 ^^, Ov p ) P is a four dimensional vector space. We can take as coordi- 
nates t and Si to be the deformation parameters defined above. Then it is 
known that the deformation space is singular (in particular it is reducible) 
and given by equations: 

Def(C 2 /Z 4 ) = {tsi = ts 2 = ts 3 = 0} C C 4 9* Sxt^Ql, Vp ) p . 
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The above example is a special case of an important class of surface sin- 
gularities, i.e., singularities which admit a Q-Gorenstein smoothing. By 
definition a two dimensional quotient singularity admits a Q-Gorenstein 
smoothing if it admits a deformation over the disc X — > A C C with smooth 
generic fiber and with Q-Gorenstein total space X. Such singularities have 
been classified. We survey the results in the next Theorem. 

Theorem 2.2.1 (J. Kollar, N. Shepherd-Barron [65] or M. Manetti [71]). 
Let V p be a germ of a two dimensional quotient singularity. Then V p admits 
a Q-Gorenstein smoothing if and only if either V p is given by the quotient 
of C 2 by the action of Z dn 2 with weights (l,dna — 1) with n,a coprime or 
V p is canonical. These singularities are known as T -singularities. 

Moreover every T -singularity which is not canonical, is obtained by the 
quotient of a Ad n -i singularity, i.e., xy = z dn , by the 7L n action: (x,y,z) — > 
(fix, [i~ x y, [i a z), with fi n = 1. 

Finally the (versal) family of Q-Gorenstein deformations is given by the 
Z n quotient of the hypersurface 

d 

{xy = z dn + tiz id ~ i)n ] C C 3 x C d , 
i=i 

where the action is generated by (x,y, z,t\, . . . ,td) — > (/ux, , fi a z, t\ , . . . , tj) 
In particular the vector space C d can be identified as a vector subspace of 
£xt l (£ly^, Ov p ) P - We denote this subspace by G(T^ p ). 

Remark 2.2.1. We say that a T-singularity is of type (d, n, a) if it is given 
by the quotient of C 2 by the action of TL dn i with weights (1, dna — 1) with 
n, a coprime. 

We can state the final result on the deformation theory of (smoothable) 
Del Pezzo orbifolds: 

Theorem 2.2.2. Let X be a Q-Gorenstein smoothable Del Pezzo orbifold, 
i.e., X has at most T -singularities. Then there exists an open subset GDef(X) 
of a vector subspace of which can be identified with the versal deforma- 
tion space parameterizing Q-Gorenstein deformations of X. More precisely 

GDef(X) C G(T^) C T^, 

where G(T^) := H l (®°£ b ) @ peSing{x) G(T^). 
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Note that if the singularities of X are canonical, then G(TT^) = T^. 
Moreover, every Q-Gorenstein deformation of X is a Del Pezzo surface of 
the same degree (compare Proposition 1.41 in [64] ) . Finally we remark 
on one way to think about the above Theorem [2X2] The part H 1 ^^) 
parametrizes the deformations of the orbifold which fix the singularity types, 
while © pe Sing(x)( < ^^Xp) describes (local) deformations of the singularities 
(i.e., smoothings or jumps of the singularity type). 

2.3 Deformations of KE Del Pezzo orbifolds 

In this section we state a Conjecture about the behavior of the KE metric 
under small deformations of smoothable KE Del Pezzo surfaces. Our Con- 
jecture is motivated by two results. The first one is Szekelyhidi's Theorem 
on the deformation of smooth cscK manifold ([91 J). The second one is the 
existence theory of "ALE" CY metrics on Q-Gorenstein deformations of T- 
singularities due to P. Kronheimer for the canonical (hyperkahler) case [66] 
and to Y. Suvaina for the remaining situations [90] : 

Theorem 2.3.1 (P. Kronheimer and Y. Suvaina). Let X —> A be a Q- 

Gorenstein smoothing of a T- singularity. Then Xt admits an ALE CY met- 
ric (for each Kahler class). 

Note that the metric on the non-canonical T-singularities is simply given 
by taking the quotient by the lj n -isometric action on the Kronheimer ALE 
metric on the canonical cover (see 12.2. 1[) . 

Thus our expectation is that "stable" deformations of a Q-Gorenstein 
smoothable Del Pezzo surface carry KE (orbifold) metrics which, after rescal- 
ing, are modeled on the ALE CY metrics locally near the deformation of the 
singularities. More precisely, we formulate the following natural Conjecture: 

Conjecture 2.3.1 (KE Deformations Conjecture). Let (Xq,ojq) be a Q- 
Gorenstein smoothable KE orbifold Del Pezzo surface and let 

X ^ X 

I 

GDef(X ) C G(T^ o ) C T^ o 
be the versal Q-Gorenstein deformation family, where G(T^ ) denotes the 
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subspace of T^- u := Ext 1 ^ 1 ^, Ox ) parametrizing Q-Gorenstein deforma- 
tions Xt C X . 

Consider the natural action of the reductive group Aut(X ) on G(T^ ). 
Then there exists an open set B C GDef(X) containing the origin such that 
for all t G GDef(X) we have: 

• t is poly stable Xt admits a (unique) KE orbifold metric u)f 

• t is not-polystable Xt cannot admit a KE orbifold metric. 

Moreover there exists a continuous function f : B — > R-° with /(O) =0 
such that 

d GH ((X t ,oj t ),(X ,oj ))<f(t), 

for all poly stable t. 

If the above Conjecture is true, we will have a complete understanding of 
the local structure of the compactified moduli of KE Del Pezzo surfaces at 
the boundary points. In the next Chapter we are going to show that a special 
case of the Conjecture actually holds. We will show that sufficiently generic 
partial smoothings of nodal Del Pezzo surfaces (i.e. with A\ singularities) 
with discrete automorphism group admit KE metrics. In Chapter 4 we will 
describe some possible applications of the Conjecture to the study of the KE 
compactification problem. For example, we will discuss carefully the case of 
Del Pezzo surfaces of degree 3 (cubic surfaces). 

At this point it is interesting to recall a Conjecture of Tian: 

Conjecture 2.3.2 (G. Tian). (JUftj. pag. 387) GH limits of smooth KE Del 
Pezzo surfaces admit at worst canonical singularities. 

As we will recall in the next Chapter, this Conjecture is known to be 
true for the case of degree 4 Del Pezzo surfaces. As we will explain later, we 
believe that also the space of KE Del Pezzo cubics is compactified by adding 
singular Del Pezzo surfaces with only canonical singularities. However, we 
think that the situation starts to be different in the case of Del Pezzos of 
degrees 2 and 1. The main reason for this belief is the following observation: 

Proposition 2.3.1. There exist Q-Gorenstein smoothable KE Del Pezzo 
orbifolds of degree 1 and degree 2 with log-terminal (but not canonical) sin- 
gularities. 
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Proof Consider the KE toric Del Pezzo surface I2 given in Proposition 
12.1.11 The surface Y2 has degree 2 and four singularities. Two of them 
are canonical (i.e., of type A3) and two are T-singularities of type (1,2, 1) 
(i.e., the cone over the Veronese embedding of P 1 of degree 4 previously 
described). By Theorem 12.2.21 Y2 admits Q-Gorenstein smoothings. It is 
easy to see that the versal space of Q-Gorenstein deformations is given by 

Def(Y 2 ) C 2<C 3 2C, 

where C 3 parametrize deformations of the A3 singularities and C is the 1- 
dimensional Q-Gorenstein deformation component of the smoothings of the 
(1,2,1) singularities. 

Observe that the virtual dimension of the moduli space at this point 
is 6 (you need to subtract from the dimension of DefiY^), which is 8, the 
dimension of the automorphism group, which is 2). This is of course equal to 
the dimension of the moduli space of (smooth) degree 2 Del Pezzo surfaces. 

The degree one example Y\ comes from the classification of Q-Gorenstein 
smoothable toric KE Del Pezzo orbifolds of Picard rank one (which will we 
prove in the next paragraphs). Let Y% := Xp as defined in Theorem 12.3.21 
Since all the singularities are of type T, Y\ admits Q-Gorenstein smoothings. 
In this case 

Def{Yx) C C 8 C e C, 

where C 8 is the space of versal deformations of the ^8 singularity and the two 
C are the space of Q-Gorenstein deformations of the other T-singularities. 
The virtual dimension of the moduli space is 8, as is the dimension of the 
moduli of smooth degree 1 Del Pezzo surfaces. 

□ 

Finally, we give the classification of Q-Gorenstein smoothable toric KE 
Del Pezzo surfaces with Picard rank 1. The degree 1 example in the previ- 
ous Proposition emerges from this classification. A similar result could be 
obtained (but we didn't carry out the computations) by browsing the list 
of smoothable Del Pezzo surfaces of Picard rank 1 in P. Hacking and Y. 
Prokhorov |52j and computing the Futaki invariant in the toric case. How- 
ever we decided to present an easy, self-contained proof which makes use of 
the KE condition from the very beginning. 
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First of all, we need a combinatorial Lemma: 



Lemma 2.3.1. Let P be a Del Pezzo polytope whose vertices are given by 
the primitive integer vectors {vo, v n -\}, in a clockwise order. Then the 
degree of the associated toric variety Xp is given by 

a (v \ oV^ 1 i \det{vi-i,v i+1 )\ 

deg(X P ) = 2^ —— 



^ \det(vi-i,Vi)\ \det(vi-i,Vi)\\det(vi,v i+1 )\ 



where vo = v n and {vi-\,Vi) denotes the 2x2 matrix with Vi as column 
vectors. 

Proof Since deg(Xp) = 2Vol(P / ), we need to express the volume of 
the dual polytope in term of the primitive generators Vi of the rays of the 
fan. 

It follows by definition that the vertices of the dual polytope are given 

W VH = JM^rki)- Since 2Vol(P^) = Eto 1^(^-1,^)1, 

the Lemma follows by a trivial computation. □ 
With this Lemma in mind, it is easy to obtained the desired classification 
(and the degree one example we need). 

Theorem 2.3.2. A Q-Gorenstein smoothable KE toric Del Pezzo orbifold 
of Picard rank one is one of the following: 

• P 2 (degree 9 case); 

• {xyz = i 3 } C P 3 with Sing(X) = 3A2 (degree 3 case); 

• a variety Xp C P 6 with Sing(Xp) = Aq + 2(1,3, 1) (degree 1 case). 

Proof The Picard rank condition p(Xp) = 1 implies that P must be 
a triangle, P = Convex{uo, «i, 1)2} ■ By [M] we know that Xp admits a KE 
(orbifold) metric iff the barycenter Bar(P^) = 0, i.e., if ^0 + ^1+^2 = 0, 
where W{ are the vertices of the dual polytope P^ . It is easy to see that the 
balancing condition is equivalent to vo + v\ + 1>2 = for the vertices of the 
Del Pezzo polytope P. 

Therefore we may assume w.l.o.g. that 

v = (0, 1) Vl = (-k, -I) v 2 = (k,l- 1), 
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for positive integers k, I. Applying Lemma 12.3.11 to our polytope, we find 
that 



deg(X p ) = 2 ( - + - + - ] + 



1 1 1\ 3 9 

k + k + k) + k = k- 

Since the degree is preserved under Q-Gorenstein smoothings and the degree 
of a smooth Del Pezzo surface must be a positive integer less than or equal 
to 9, only the three possibilities k = 1, 3, 9 survive. 

• Degree 9 case (k = 1). The unimodular matrix 

(,-,;) 

transforms the standard polytope of P 2 , given by 

Convex{(0,l), (1,0), (-1,-1)}, 

into our polytope P = Convex{(0, 1), (— 1, — I), (1, 1 — 1)}. Thus the 
only (smoothable) toric degree 9 KE Del Pezzo is P 2 . 

• Degree 3 case (k = 3). Since the vertices need to be primitive integer 
vectors, I = 2 mod 3. Then the unimodular matrix 

(4 s i) 

transforms every polytope P = Convex{(0, 1), (—3, — I), (3, 1 — 1)} into 
the polytope given by taking 1 = 2. Using the unimodular transfor- 
mation ^ J , we see that the polytope for I = 2 is sent to a 

polytope whose dual is given by P^ = Convex{(0, 1), (1,0), (—1, — 1)}. 
Thus taking Proj of the algebra associated to the cone over P^ , we find 
that Xp = Proj (C[x, y, z, t}/ < xyz = t 3 >) . Notice that Sing(Xp) = 
3A 2 . 

• Degree 1 case (k = 9). The vertices of the polytopes are primitive only 
if: 

1. 1 = 2 mod 9; 

2. 1 = 5 mod 9; 
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3. I = 8 mod 9. 



As before, we can see that up unimodular transformations only three 
cases remains: I = 2,5,8. However it is easy to see that these three 
cases are also equivalent. The polytope for / = 5 (resp. I = 8) is 

' 4 -9 \ 



transformed into the polytope for I = 2 by the matrix 
(resp. | 



1 -2 



s :! !)■> 

It is easy to verify that the singularities are given by one A$ singu- 
larities and of type T with weights (1,3,1) (in particular are all Zg 
quotients). Since these singularities are locally smoothable and since 
there are no local-to-global obstructions, we can apply Theorem 12.2.21 
and conclude that the above toric variety is smoothable. 

Finally, a simple computation shows that the dual polytope of this 
toric variety is P / = Convex{(0, -1), (-|, 2), (~, -1)}. By stan- 
dard toric geometry it follows that —Kx P is only Q-Cartier and that 
—3Kx P is a very ample Cartier divisor whose linear system has di- 
mension dim H°(Xp, —3Kx P ) = 7. 

□ 

It is natural to ask what happens if we remove the restriction on the 
Picard rank in the classification of Q-Gorenstein smoothable toric KE log 
Del Pezzo surfaces. We asked A. Kasprzyk to look inside his (singular) 
toric Del Pezzo database [19]. We found that the examples of Del Pezzo 
surfaces of degree 1 and 2 previously considered, together with the "obvious" 
Gorenstein ones, are indeed all the possible Q-Gorenstein smoothable KE 
toric log del Pezzo. More precisely: 

Theorem 2.3.3. Let (X, u) be a Q-Gorenstein smoothable toric KE log Del 
Pezzo surface. Then X is isomorphic to one of the following: 

• deg(X) = 9: X = P 2 , (with Picard rk p(X) = 1 ); 

• deg{X) =8:I^P 1 xP 1 , (p(X) = 2); 

• deg(X) = 6: X * Bl^^^^f 2 , ( P (X) = A); 



deg{X) = 4: {xy = z l = tw} C P 4 , (p(X) = 2); 
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• deg(X) = 3: X ^ {xyz = t 3 } C P 3 , fp(X) = lj; 

• deg(X) = 2: X = Y 2 defined as in Provosition WlUS. (p(X) = 2); 

• deg(X) = 1: X ^ X P defined as in Theorem\MM (p{X) = 1). 

Proof It follows by Theorem 12.1.11 and by the classification of Q- 
Gorenstein smoothable singularities Theorem 12.2.11 that the index, i.e. the 
smallest positive integer such that —IKx is Cartier, is bounded (actually 
< 6). Then it is known that the set of toric log Del Pezzo surfaces (with T- 
singularities) of index at most I is finite (see [58]). The statement follows by 
computing the barycenter (i.e., the Futaki invariant) of all the finitely many 
toric log Del Pezzo surfaces of index at most six, collected in the database 

mg. □ 



Remark 2.3.1. The proof of the above Theorem has the disadvantage of 
requiring a case- by-case check of the Futaki invariant. It may be interesting 
to find a "conceptual" proof of the above result (e.g., a proof similar to the 
one we gave in the Picard rank one case). 
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Chapter 3 



Deformations of nodal KE 
Del Pezzo surfaces with 
discrete automorphism 
groups 

The Theorem proved in this Chapter can be considered a special case of 
Conjecture 12.3. 11 We show that generic (partial)-smoothings of a nodal 
KE Del Pezzo surface Xq (i.e., with singularities at most of type A\) with 
discrete automorphism group admit orbifold KE metrics close in the GH 
sense to the original singular KE metric on Xq. As an application, we 
show that KE orbifold metrics exist on some cubics with two or three A± 
singularities. 

3.1 Statement of the Theorem, remarks and first 
applications 

The main result of this Chapter is the following: 

Theorem 3.1.1. Let (Xq,ujq) be a KE Del Pezzo orbifold. Suppose that 

• All the singularities are nodes (i.e., locally of the form zf+z^+z^ = 0); 

• $(Aut(X )) < oo. 
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Then, if it : X — >• A C Ct is a generic (partial) smoothing ofir~ l (0) = Xq, 
Xt admits an (orbifold) KE metric cut for \t\ « 1. Moreover (Xt,LOt) — > 
(Xq,u}q) in the Gromov-Hausdorff (GH) sense. 

By the word "generic" we mean that if t is the parameter of the base of 
the smoothing family X and if z\ + z\ + z\ = s G C 3 x C s is the total family 
of the versal deformation of the node [57], then s and t are related by 

s = s (t) = Ct + 0{t 2 ) 

with C / 0. 

The reason why we need the above assumption is essentially technical 
and it has mainly to do with our choice of function spaces in which to 
perform the gluing construction. Removing the above genericity assumption 
gives rise to a concentration of the error term on the variety Xt away from 
the singularities (more precisely the Ricci potential of the pre-glued metric 
becomes too big to be controlled). Nevertheless, we believe that the Theorem 
should be true even without the genericity assumption. 

Before giving the proof of the main Theorem, it is interesting to make 
some remarks. First of all, in our considerations on moduli spaces we are 
principally interested in Del Pezzo orbifolds which appear in GH degenera- 
tions of smooth KE Del Pezzo surfaces, that is in smoothable Del Pezzos. In 
the next Proposition we see that such smoothable Del Pezzo surfaces with 
discrete automorphism group cannot have many nodal singularities. 

Proposition 3.1.1. Let Xq be a smoothable log Del Pezzo surface with 
discrete automorphism group and only nodal singularities. Then 

${nodes} < 10 - 2 deg(X ). 

PROOF Let X — > A t C C be a full smoothing of X and define 

<p(t) := dim Ext Xt ) -dim Ext 1 (fi^, Xt ) + dim Ext 2 {Q} Xt ,0 Xt ) ■ 

Since (p is upper semi-continuous and X t is a smooth Del Pezzo of degree 
deg(Xo) for all t ^ 0, we find 

• <p(0) > <p(t) = x(@x t ) = 2deg(X ) - 10 by Proposition OH 
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• Ext (fl Xo ,Ox ) = since Aut(Xo) is finite and the singularities are 
normal. 

Thus 

dim Ext 1 {p} Xo ,0 Xo ) < W-2deg(X ). 

Finally we can estimate the dimension of the above Ext 1 from below by 
the number of nodes. Using the Grothendieck's local-to-global Ext spec- 
tral sequence, the vanishing of H 2 (Hom{X,Q,x ,Ox Q )), and recalling that 
Ext 1 [p^x Q i ®x ) is a skyscraper sheaf supported on the singular locus with 
stalk isomorphic to the space of versal deformation of the singularities, we 
have 

dim Ext 1 (Sl^Oxo) > dimtf (Sxt 1 (Q^,C> Xo )) 

= dim (©pe5m 9 (x ) c p) 
= ft{nodes}. 

□ 

Remark 3.1.1. The above Proposition follows also by the classification 
of Del Pezzo surfaces with canonical singularities [20], [30], [5l], [98], [36] . 
[TUT] . [73] and [75]. 

What can we say about smoothable KE Del Pezzo orbifolds (with the 
above properties) for each interesting degree al = (—Kx ) 2 ^ It is known 
that there are smoothable del Pezzo quartics, i.e., degree equal to 4, with 
no holomorphic vector fields and with only one or two nodal singularities. 
On the other hand, it follows by the Mabuchi-Mukai result [70] (compare 
the next Chapter) that all KE Del Pezzo surfaces appearing in the GH 
compactification must have holomorphic vector fields. Even if in this case 
we cannot use our Theorem to study the local behavior of the moduli space 
at the boundary points, we can combine it with the Mabuchi-Mukai result 
to prove the following observation: 

Corollary 3.1.1. Let X be a Del Pezzo quartic with only a nodal singularity 
and with discrete automorphism group. Then X does not admit a KE metric. 

Proof By the classification of intersections of two quadrics (compare 
for example [8]), we can assume that Xq is of the form 

2xoXi + x\ + x\ + x\ = 0; 
2x xi + Xq + x\ + ax\ -I- bx\ = 0, 
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for generic a, b G C. Observe that Aut{Xo) is finite. In order to see this, 
note that the above Xq can be degenerated, by the one-parameter subgroup 
T s , given by xq — > sxq, x\ — > s x\, to a KE Del Pezzo quartic X c with 
two nodes, where the two defining equations are both diagonalized (after 
an obvious change of coordinates). The automorphism group of X c can be 
easily computed by looking at the dimension of the Lie group of matrix in 
SL(5, C) which fix the defining equations (note that this group is the full 
automorphism group since —Kx c is very ample). By a simple computation, 
it follows that the Lie algebra is one dimensional. Hence dimcAut^Xo) < 
dim c Aut(X c ) = 1. 

A generic deformation (smoothing) Xt is given by 

2xqXi + x\ + x\ + x\ = 0; 
2x xi + x\ + tx\ + x\ + axl + bx\ = 0. 

If Xq has a KE metric, then by Theorem 13.1.11 (Xt,cot) degenerates in the 
GH sense to Xq. In particular Xq must appear in the GH compactification. 
However this is forbidden by the Mabuchi-Mukai result (see next Chapter). 

□ 

As we pointed out in the proof of the previous Corollary, an Xq satisfying 
the hypothesis of the Corollary can be degenerated by a one parameter 
subgroup T s to a KE Del Pezzo quartic X c with two nodes (and with C* C 
Aut(X c )). In particular the Donaldson-Futaki invariant DF(T s .Xq) = 
(since the central fiber admits a KE metric) and T s .Xq is a non-trivial test 
configuration. We should recall that Stoppa's argument for proving that the 
existence of a KE (csck) metric implies K-polystability [89] doesn't extend 
easily in the case of singular spaces. However, in [11] the author showed 
that "KE implies K-polystability" is indeed true for Q-Fano varieties. Thus 
Corollary 13.1.11 follows also by this more general result. 

It is more interesting to see what happens for degree three Del Pezzos, 
i.e., cubic surfaces. As we will recall in the next Chapter, it follows by the 
well-known classical GIT pictures for cubic surfaces that cubics with nodal 
singularities have no holomorphic vector fields. The (unique) cubic with the 
maximal number of nodal singularities is the so-called Cayley's cubic given 
by the equation 

Co := {xyz + yzw + zwx + wxy = 0} C P 3 . 
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Moreover it known that that Co admits an orbifold KE metric (e.g., [26], or 
simply by noting that it is a quotient of the KE Del Pezzo surface of degree 
6). Thus we can use our Theorem to prove the following: 

Corollary 3.1.2. Some cubic surfaces with two or three nodal singularities 
admit KE orbifold metrics. 

Proof It is sufficient to consider deformations of Co of the form: 
Ct := {xyz + yzw + zwx + wxy + tx 3 + (ty 3 ) = 0} C P 3 . 

□ 

We also recall that there are several examples of Del Pezzo surfaces of 
degree 1 and 2 to which our Theorem applies. 

The proof of the Theorem is based on a gluing construction. In the next 
section, we explain how to construct an approximate solution by gluing 
an Eguchi-Hanson space. Then we will apply some analytical argument in 
order to deform the approximate solution to a genuine KE metric. Finally, 
we show that the deformation process is continuous in the GH topology. 

3.2 Construction of an approximate solution 

Let (Xq,uiq) be a nodal KE Del Pezzo orbifold and let p be a singular point. 
Take C) coordinates on C 2 /Z2 around p so that locally 

ojo = idodofrti = id do(\C\ 2 + 0(|C| 4 )). 

We say that a function /(CO is C(|C| fc ) if ||V J '/|| < C\(\ k ~ j for j > 0. 

Identifying as usual C 2 /^2 = {z\ + z\ + z\ = 0}, where %i = #i(Ci)C2) 
are quadratic expression in C> it is easy to see that the metric ojq can be 
written as 

u = idd{\z\+O(\z\ 2 ))\ VQ 

in a neighborhood Vq C Xq of the origin. 

By the theory of versal deformations of hypersurface singularities |57| . 
we have that the general deformation of the node is given by z 2 + z| + z| = t, 
with t £ C. Observe that we may assume t to be real (by "rotating" the 
coordinates). 
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Thus, using our genericity assumption, we identify a portion of z\ + z\ + 
z\ = t G R (say |z| < C for some positive constant C) with a subset Vt of 
for some real t. 

Moreover, using the relative anticanonical sections, we can assume that 
X embeds in P n x A and the map n is given by composing the anticanonical 
embedding with the projection onto the base. Since Opn(l)\x t = K-Xt (f° r 
notational simplicity we assume k = 1, since the power k does not enter in 
our argument), we have constructed a background Kahler metric Pt\x t := 
FS t \ Xt in ci(X t ). 

The goal of this section is to construct a pre-glued metric ujt, i.e., a 
metric on X t GH close to the original metric coq, of the form 

u t = f3 t + id t d t (f)t € ci(X t ). 

Of course the argument above can be applied to all singular points p G 
Sing(X ). 

A Map between the smoothing and the central fiber 

Assume for simplicity that Sing(Xo) = {p}. Let Vq = {zf + z\ + z\ = 0} 
and Vt = {w\ + w\ + = t} C X t and consider the diffeomorphism 

F t : V \{\zf<t} V t \{\wf=t} 

t — ' 

Zi 1 y Wi = Zi + 2 1 ~ 1 2 ^-i 

between the singular space and its smoothing (away from the singularities 
and defined on a small region of Xq). Observe that topologically, 

V \ {\z\ 2 < §} = V t \ {\w\ 2 = t} = R x RF 3 , 

and that L t := V t Pi {\w\ 2 = t] = S* 2 . Moreover note that \z\ ^ \w\ = 

Let us point out that we can assume that Ft extends to a diffeomorphism 
Y> t : X \{|z| 2 <|} — > X t \{\w\ 2 =t}. 

Lemma 3.2.1. There exists a diffeomorphism 

^■■X \{\z\ 2 <^}^Xt\{\w\ 2 = t}, 
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which coincides with the above F t for \z\ 2 < 4. 

Moreover the complex structures Jt of X t and Jq of Xq satisfy on Xq \ 

{\z\ 2 < I}, 1 1 V^ (-0* Jt - Jo)\\u = f or a M k ( or w tth respect to any 
other metric equivalent to ujq). 

Proof As we have previously remarked, we may assume that X 
P"xA. Then X inherits a Kahler metric from the metric ufs + idd\t\ 2 
on P n x A. We define a connection on X \ Sing(Xo) simply by taking the 
normal directions to the fiber of the map pr2 : X C P n x A — > A. 

Considering the flow given by the lifting of the radial vector field X := 
— |yj*|p i we find a smooth diffeomorphism from X\ t \ \ K\ t \ to Xq \ {\z\ 2 < 4}, 
for some small compact subsets of Ku\ of Xu\. Let Gt ■ Xq\{\z\ 2 < 4} — > X t 
be the inverse of the previous map (assume w.l.o.g that t is a point on the 
real path [0, 1] C A). 

It follows that on the strip S := {4 < \z\ 2 < 5} C Xo we have defined 
two diffeomorphisms F t and Gt onto some region ofX t . Let 5 C5be some 
smaller strip and use the map F t to identify S with its image inside X t . 
Under the above identification, Gt can be seen as a family of diffeomorphisms 
onto their image 

G t : S' -»• S ^ [0, 1] x RP 3 , 
which are by construction smoothly isotopic to the identity on S' , i.e. 

G t -»• Id 

as t — > 0. In particular is given by the flow of a time dependent vector 
field vt defined on S' , i.e., 

!«*) =««*). 

Let r : 5 — >■ [0, 1] be a smooth cut-off function given by 

r{z)= X (\z\% 

where x is a smooth increasing function equal to zero for \z\ 2 < 4 and equal 
to one for \z\ 2 > 5. Let wt be the vector field defined by wt := rvt and H t its 
associated diffeomorphism (for small t). By construction H t is equal to the 



60 



identity for \z\ 2 < 4 and equal to Gt for \z\ 2 > 5. Thus the diffeomorphism 




F t o H t if \z\ 2 < 5; 
G t if \z\ 2 > 5, 



satisfies the desired property. 

The estimate on the complex structures follows by our construction of the 
diffeomorphism ■i/'t which is given by the flow of a smooth vector field. More 
precisely, we can cover the total family X "away" from a neighborhood of the 
singularity with a finite number (by compactness) of charts Uj of the form 
(Ci> C2 ' ^) ■ Since by construction (f>t is isotopic to the identity, in the chart Uj 
ipt is given by Q ^ (i + f j {t, (,() for a smooth f j satisfying f j (0, (,Q = 0. 
Then the claim follows simply by considering the Taylor's expansion of f 3 
in the variable t. 

□ 

Pre-glued metric close to the singularities 

On V\ := {z\ + z\ + z\ = 1} = TS 2 we have the CY conical Eguchi Hanson 
metric: 

m :=idd(y/W* + l)\ Vl . 

Note that (\/M 2 + 1 — \A) < Cra f° r \ z \ » 1- Pulling-back by the holo- 
morphic map Wi = \ftzi and scaling the metric, we have a (scaling) family 
of RF metrics on V t C + w 2 . + w 2 = t} C X t , 

r, s ,t = ^= t idd(VH 2 + t) lVt , 

satisfying Diam^ ( (L t ) = 5. 

Pulling-back at the level of the potential the KE metric 

u = idd{\z\+0{\z\ 2 ))\ Vo =idd(vl)\ Vo 

using the (inverse) of tpt, w e find a metric uj] for small t, degenerate in a 
small neighborhood of L t , given by 
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We show how to glue rjsj to uj} . Take S 2 = \ft and consider the gluing region 
o~ a < \w\\ Vt < 25 a (topologically [0,1] x MP 3 ) for a G [0,2) (observe that 
{\ w \ = 5 2 } Lt). Define 

. tp 2 s (w) := VH 2 + ^ 4 - 

Lemma 3.2.2. On £/te annulus 5 a < \w\\y t < 2S a , where a G [0,2), we 
/lave: 

|V;>J - ^)| w = 0(^ 3 "-^) + O(^) + 0(5 4 — 

TTte error is minimized for a = |: |V* — ^)| % = (9(o"t( 4_fe )). 

Proof First of all note that on the annulus region rjs ~ idtdti\w\)\y 4 , 
as the metric (i.e., the scaled Eguchi-Hanson metric) is equivalent to the 
restriction of the (singular at the origin) metric idd(\w\)). In particular this 

• ■ k 

implies that |V* i (|«;p)| r?4 < C\w\ 3 ~*. 

By the definition of (pg and (p 2 and since \z\ i— >■ = y'Vl 2 + jpyj under 
the diffeomorphism it follows that 

• IV^-HJUsctVI- 1 -*; 

. | V ;, W -v^^^)U<oH 2 -t. 

Thus 

|v* I (^-vi)| w <c(H 2 -t + ^H- 1 -i) + 
+K I H-y- — ^ 1 1«, 

ivi^i - < c (ih 2 -* + ^vr 1 -* + tfvr 3 -*) . 

□ 

Lemma 3.2.3. Define for \ft = 5 2 and \ w\\x t < 2 

wjj := i<9 t <9 t (x5^ + (1 - Xs)<Ps) , 
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where \& '■= Xy> s \ w \j ^ s a smooth increasing cut-off function supported 

4 4 

in \w\ > 5s, identically equal to one for \w\ > 25^. Then for 8 (hence t) 
sufficiently small 

. \\v k M,8-mM^ = o(^); 
• > °- 

Proof It follows immediately from the previous Lemma observing that 
||V*x<5||»Mt = 0(5~^~) on the strip G [Ja , 2<5a ] and zero otherwise. □ 



The pre-glued metric away from the singularities and match- 
ing 

First of all we take the following global Kahler potential for the singular 
metric ojq. Let s be any non- vanishing local section of Then 

V? :=logj% 

is a well defined smooth function on Xq \ Sing(Xo). Observe that y?o is just 
the (log of) the ratio of the two volume forms. Later we will need to fix a 
precise section of K x ^ near the singularities. The correct choice is to take 
the section f^o where is the section which pulls-back using the orbifold 
chart to A d^, 2 with (d, £2) the local charts where ojq = Sij + C(|C| 2 ). 
Since ojq is Kahler-Einstein, it is easy to see that 

^0 = A) +id d (p . 

Now we are ready to define the approximate KE metric away from the 
singularities (i.e., away from \w\x t < 1 on X t ): 

Ut,s '■= fit + idtdt^ 1 Vo > 

for t sufficiently small and where tpt is the map between the smooth and 
singular fiber constructed before. 

The next goal is to match the metrics Cj\ s and CJ\ s and construct a metric 

u t ,s = A + id t d t 4>t e ci(X t ). 
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Since rjsj is a CY metric, we know that there exists a (explicit) nowhere 
vanishing holomorphic (2, 0) form Q t such that for \ft = 5 2 



Let fit be its dual. Then £l t is a trivialization of K^] on V t which satisfies 
|fit|jj Jt = 1 (after normalization). 

Define bt G C°°(Vt) to be the function given by 

Then ft = -id t d t \ogb t on V*. Thus = z<9 t d t (- log b t + V^ 1 Vo) on 
Vt n {1 < |w| < 2}. Since we have that Cj\ s = idtdt(f} on the same region, it 
is natural to match the two metrics at the level of the potential using a cut- 
off function tj := r(\w\v t ), a smooth decreasing cut-off function supported 
in \w\ < 2 identically equal to one for |«;| < 1 (notice that here the strip 
where the cut-off function is non constant is of "fixed shape"). 

Proposition 3.2.1. There exists a pluriharmonic function p t on Vt such 
that for y/t = S 2 



"Is \ w \\v t < 1 

idtdt (r t (<pl - Pt ) + (1 - Tt ) (- logh + Vr'Vo)) 1 < \w\\ Vt < 2 

Co 2 s otherwise 



is a Kahler metric in c\{X t ). More precisely ut,5 — Pt = idtdt<t>t where 

<k = n {{xs<Ps + (i - X8)<Ps) ~Pt + log&t)+(l-T t ) (VVo) e C°°(X t ,R). 

Moreover we can choose pt to satisfy |V^pt| TMt < C\w\ l ~z . 
Proof 

Let q be the singular point of Xq. By our hypothesis on the metric ujq 
we know that, in the orbifold chart centered in q, uo can be expressed for 
ICI < yft as 

loq = id d (pl = -id B log(\n \l ) = Ric(uj ), 
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where ip\ = \(\ 2 + C(|C| 4 ) is the local Kahler potential. Thus 



Po := <pl + \og(\h \l ), 

is a Z2-invariant pluriharmonic real function on |£| < y/2 vanishing at the 
origin. We claim that po = 9k(/io) where ho is a Z2-invariant holomorphic 
function. Since ddoPo = dodoPo = 0, by the Poincare Lemma there exists a 
Z2-invariant holomorphic function ho vanishing at the origin satisfying 

a ho „ 
d— = do— = dopo- 

Then, being po real, 

d(9te(/i ) - Po) = 9oy + 5 y - d p - d p = 0. 

Hence po = ^He(^o) • 

Since ho is a holomorphic function on C 2 /Z2 vanishing at the origin, 
identifying C 2 /Z2 with if 2 + w\ + w\ = G C 3 , we may assume that ho = 
H{wi,W2,ws)\x where H is an holomorphic function on C 3 vanishing at 
the origin (since the node is a normal singularity). We define for sufficiently 
small t: 

p t := VitH lVt , 

which is a pluriharmonic function on the local smoothing for \w\\y t < 2, 
satisfying the desired estimates. 

Now define at := (pi — pt and q := — log bt + ip^ 1 *^- It is evident 
that the closed (1, l)-form uj t ,s is well-defined and that it would be positive 
definite as long as 

\\a t - c t \\ + \\d(a t - c t )\y ->• 

t,o 

as t — > on 1 < \w\\v t < 2. 

By the definition and the estimates of the diffeomorphism ipt onto the 
(non-collapsing) regions 1 < \w\\y t < 2: 

| at - ct\ = |(Iog6t - Vt _1 *log6 ) + (^Po ~Pt)\ = 0(t), 
(and similarly for the derivatives). Hence ojt,s > 0. 
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Finally it follows by a simple computation that the global Kahler poten- 
tial of ut t s with respect the background metric fit is given by (fit defined in 
the statement of the Proposition. □ 



We should observe that Proposition 13.2.11 has an obvious generalization 
when we consider smoothings, or partial smoothings, with more than one 
singularity. In fact, it is sufficient to repeat our argument around all singu- 
larities which are smoothed out and note that around points which remain 
singular we can simply glue the orbifold metric loq to on 1 < \w\y t < 2 
with a cut-off function r% as we did in the proof of the above Proposition. 
Note that in this last case a pluriharmonic correction is not needed, since 
</?o can be taken equal to — log |J7|§. 

Then, for sake of notational simplicity, we continue to argue assuming 
that Sing(Xo) = {p}. 

Now we define the following function (the Ricci potential) for \ft = 5 2 : 

f s , t :=log (P^-) ~<fiu 

where (fit is the global potential of the metric defined in 13.2.11 and sj a non- 
vanishing local section of K% . On Vt we take st to be equal to Cl t previously 
considered. Then we have the following Proposition: 

Proposition 3.2.2. The function fs t t defined above satisfies: 

• Ricoj s ,t = &t,6 + id t B t fs,t; 

• Estimates: 

0(5 4 ), on X t \ {\w\ <lnF(} (recall y/t = 5 2 ); 
0(5 4 - 2q -¥), on {8 a < \w\ < 25 a } n V t for 

0(5°-*?), on {5 a < \w\ < 25 a } n V t for a G 

Proof It is immediate to check that f$t defined as above is a Ricci 
potential, i.e., it satisfies the equation Ricujt,s = &t,5 + idtdtfs,t- 

Now we compute how fst behaves as we approach the singular fiber: 



\\^Cj tt sfs,t\\&t,6 
ae [0,|]; 

\\^c& t s fs,t\\a ti s 

lid 
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Region 5 2 < \w\\y t < 5s . It follows by definition that 

fs, t = log b t - log \£k\l Sit ~<fis+Pt- log b t . 

Since r)s,t is Ricci Flat, log|O t | 2 = 0. Recalling that |V* (y^ — 
H)k ^ C^ltyr 1 "^ and |V* 4 pt| Wit < Clwl 1 "!, we find that 

l|vS M ^|u M = o(^-^), 

on {5 a < \w\ < 25 a } n V t for a G [|, 2]. 

4 , 4 

Region 55 < |u>||y t < 25s (the glueing region). As before we have that 

f s ,t = - log \&t\l Stt - X5<Ps - (1 - Xs)<Ps +Pt- 
It follows by \\V k s (ul s - m,t)\\vs, t = 0(5^) that 

iog|n t |E 4( = o(^), 

Hence 

l|V| M / 5 ,t|b M = 0(^). 

4 

Region 55 < \w\\y t < 1. We have that 

/j >t = -log|fit|E 4i( - if} +p t - 

Recalling that the diffeomorphism between the smoothings and the 
singular fiber is tpt '■ Wi i — > Wi + -^r-YiWi and the definition of pt, it 
follows that 

||v^(-iog|^ t -^+^)||^<ctH- 2 -f. 

Thus, since \/i = 5 2 , for \w\ = 5 a with < a < |, 

Region Xt \ {\w\iy t < 1}. By definition of the diffeomorphism ipt, 
we can assume we have complex structures Jt on Xt and Jo on Xq 
satisfying on X t \ {\w\\ Vt < 1}, \\V k 5 (J t - ^* Jo)h t , 6 = 0(t) for all 
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k. Then, since \ft = 5 2 , 

\\V% t j8,t\\z t , 5 =0{5% 

for all k. 

□ 

3.3 Deformation to a genuine solution 

Let tits be the approximate KE metric on Xt constructed before, where t 
and S satisfy the relation \ft = 5 2 . Let us recall the basic properties of this 
metric needed in this section: 

• u) tj g = [3 t + idtdt4>t £ ci(Xt) (and u t ,s is of orbifold type if some singu- 
larities are kept under partial-smoothing) ; 

4 

• oj t ,8 restricted to {\w\ < 5s}nVt is equal to rj t ^ (Eguchi Hanson metric) 
with vanishing cycle satisfying Diam^ s (L t ) ~ 5. 

• The Ricci potential fg satisfies: 

- I|V£ M MU M = 0(5 4 ), on X t \ {\w\ <lnV t } (recall s/i = S 2 ); 

- l|V£ t4 Mk, 4 = 0(5 4 - 2a -^), on {5 a < \w\ < 25 a } n V t for a G 
[0,|]l 

- HV| M Mb M = 0(<r-^),on{<P < |«,| < 2,S a }nVtfora€ [f,2]. 

4 

Note that the error is bigger exactly at the gluing region (5 a, 

where it behaves like 5~ ~ . 

In order to find a KE metric, we need to solve the following equation: 

where \ft = 5 2 and ip is a real valued smooth function on JQ. Then ujt,s + 
idtdfip > would be the desired KE metric. We claim that it is possible to 
find a solution, provided that 5 (hence the complex structure parameter t) 
is sufficiently small. 
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In order to solve the problem we realize the operator E t) s in some 
weighted-Holder spaces: 

E t , 5 : U C C 2 ^(X t ,R) -> C°^_ 2 (X t ,R), 

where /3 is some real number in (—2, 0) and 7 G (0, 1) the Holder exponent, 
and U a suitable neighborhood of the origin. 

The Banach space C^ 7 p ( X t , R) is for j3 < defined as follows. As a 
vector space it is simply C fc,7 (Xi,R). However, instead of using the usual 
Holder norm, we use a weighted norm. First of all we define a weight function 
p t :X t ^[S, 1]: 

• p<(M|x t ) = if \w\\x t < 2 ^ 2 ; 

1 

• pt(H\x t ) = H|x t ' if 352 ^ Mix, < 5; 

• pt(M|x t ) = i, if Mix, > i; 

• pt is a smoothly increasing interpolation between the above values in 
the remaining regions. 

Then the weighted norm is: 

j<k 

where 

M c , % := ,up L( ft -«H-''M,^( < )} MgMl| 

"M** 3 p,q\ d t (p,q)<inj t p^q \ a t U 9 ' D 

(We compute the difference of the two derivatives by parallel transport along 
the unique minimal geodesic). 
Rewrite E t: s[4>] as: 

Et >s [<p] = (l-ef') + V t , s [<p]+Tl[<p]. 

Here T> t g[(p] = g ip + e* s (p and 1Z[4>] contains the non-linearities. 
The first input we need is the following (scaled)-Schauder estimate. 
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Lemma 3.3.1. If S (hence t) is sufficiently small and f3 G (—2,0), then 

IMIc?" <c(\Ml W +\\V t M\\c^ B 2 ) 

for all ip £ C?' t 7 f p(Xt) with a positive constant C independent of 5. 

Proof Take a small c > such that B OJo (p, c) C X , with p G Sing(X ) 
is metrically equivalent to the ball of radius 1 in the flat C 2 /^2- 

Then, by standard Schauder estimates, we know that the desired esti- 
mate holds in the region ip t (Xo\B 0JO (p, c)) C X t for a constant C = C(c) > 
fixed. More precisely, we can cover the region with (a finite number) of do- 
mains D\ where the geometry is close to the euclidean for all < t < c. 
By definition, the weighted Holder norms are equivalent to the usual Holder 
norms. Then the claim follows by the standard Schauder estimates since 
T>t,s is elliptic (with smoothly varying bounded coefficients in t). 

It remains to show what happens in the "collapsing" region 

X t \ MXo \ B^ip, c)) C {wl + w\ + w\ = t}. 

First of all we pull-back the functions tpi (w) from w\ + w\ + w\ = t = 5 4 
to z\ + z\ + z\ = 1 using the map wi = Zib 2 . Then define the function 

(p(z) := 8~P<p(w(z)), 

and scale the metric Cjt,5 so that the diameter of the cycle L\ is equal to a 
constant (i.e. consider the metric g tj $ '■= ji&t,&)- 

Then our scaled Schauder estimates follow once we prove that 

for some constant C independent of S. Here c, c denote positive constants 
and the weighted norm is essentially given by the sum of seminorms 

[0\j,p = sup\\Pj t { %~ i) Vg<P\\g t ,t> 

(and similarly for the Holder seminorm) , where p 9t s is a weight function 
equal to 1 on {x G Xt\ p gt s (x) < 1} (p 9t s denotes the distance from L\ 
w.r.t. gt : s), exactly equal to the distance p 9t s for {x £ X t \ p gt s (x) > 2} and 
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a smooth increasing interpolating function on the remaining annulus. 

On the compact piece {x G X t \ p 9tS (x) < R} (for a fixed R > 0), the 
estimate holds by standard Schauder estimates (the Riemannian manifold 
we are considering is just a compact subset containing L\ of the Eguchi 
Hanson space. Then we can argue as we did in the region away from the 
singularities). It remains to show what happens in the regions R < p gt s (x) < 
|. Of course this region can be covered by balls B gs j(pi, ^f), where i? < r j < 
| . By scaling the usual Schauder estimates on the euclidean balls of radius 1 
and noting that, since < | , the balls B gs j(pi, ^) are metrically equivalent 
to standard balls of radius ^ in the euclidean space, we have an estimate of 
the form 

M L ~(£ 9M ( P ^)) + r l[^]c0r l{Bat ^)) + ■■■+ ^ +7 [VV] C o,7( Bgt>i ^)) 

< C (|£| L oo (BgM(p . a)) + r 2 \A gt fi (p + c5 2 g>\ Lx{BgtM a }) + rf +7 |A 9t fi <j> + c5 2 (p\ c0 ,- 

for a constant C independent of t (and 5). Then the desired estimate fol- 
lows by multiplying the above inequality by and observing that on 
B gts (pi, ^)) the weight function is bounded by y < p 9t s < 2r«. 



□ 



The following estimate is fundamental: 
Proposition 3.3.1. If 5 (hence t) is sufficiently small and (3 G (—2,0), then 

IMI C 2,7 <c||p ti(5 M|| c o, 7 

for all ip G C?' 7 ^(A^) wi/t a positive constant C independent of 5. 

Proof The proof is by contradiction. Assume that the above estimate 
does not hold. Then there exists a sequence (Si) going to zero and smooth 
functions ifi on X ti satisfying oo > ||(/2j|| c 2, 7 > C > and HAMIUo.t — > 0. 

i,/3 i,/3 — 2 

Then by the above scaled Schauder estimates we must have that | \cfi\ 
is bounded above from zero. W.l.o.g. we can assume that there is a sequence 
of points pi G X ti where 

pj p {pi)Wi{p-i)\ = i- 

Now we have three cases depending on how (a subsequence of) pi converges. 
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Casel: Assume that pi(pi) > C > 0. Then pi — > po G Xq \ Sing(Ao). 
By the upper bound on ||ujj|L2, 7 we can assume that on all compact subsets 
of Xq \ Sing(Xo) (a subsequence of) ipi — > ipoo in C 2 ' 7_<E (Ascoli-Arzela) with 
^00(^0) = c > and I/Oq'VooI < C, and similarly for the derivatives, near 
the singularity (where p denotes the distance from the singularity w.r.t. the 
KE metric loq on Xq). 

Moreover we have that by the C 2 convergence 

Ao^oo + ^00 = 0, 

on all compact subsets of Xo\Sing(Xo) and where Ao denotes the Laplacian 
w.r.t. the KE metric ujq. Pulling back locally 9900 to C 2 using the orbifold 
covering map and recalling the behavior of </?oo at the origin, it follows that 
9?oo is a weak-solution of Aov?oo + V?oo = as long as (3 > —2. In fact, for all 
u £ C^{B(0,R)) 



L 



(foo (A u + u)dVuv = / (Ao^oo + foo)udV UJ0 + 

B{0,R)\B{0,p) J B(0,R)\B(0,p) 

idl 



du difoo 

+ / VooT^ u— — dS, 

ldB(o, P ) ov du 



where -§- denotes the normal derivative (at dB(0,p) w.r.t. the metric uq). 



Then 

/ <poo (A u + u)dV Uo < 

J B(0,R)\B(0,p) 

< Cip 3 sup |Von| sup \foo\ + C2P 3 sup \u\ sup |VoV?oo| < 

B(0,p) 8B(0,p) B(0,p) dB(0,p) 

as p — > if j3 > —2. By standard regularity theory of elliptic operators, it 
follows that the weak solution (p^ is actually (orbifold) smooth. 

The above implies by a well-known Bochner identity for KE metric 
on Fano orbifolds (|95|) that (S^oo)" must be a holomorphic vector field 
on Xq. Using now the discrete automorphism hypothesis, we have that 
(dcpoo)^ = 0. Since ifoo is real valued, it follows that 9300 must be constant, 
hence identically zero by the equation. However this is in contradiction with 
l¥>oo(Po)| = c> 0. 

Now we investigate the cases when pi(pi) — > 0. 
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Case2 : -4^ -»• C > 0. 

First of all we pull-back the functions tpi(w) from iwf + u; 2 . + w 2 = t = 5 A 
to z\ + z| + z\ = 1 using the map t«j = Zj(5 2 . Then we define the functions 

ifi(z) := Si P (pi(w(z)). 

Moreover, scaling the metric oj t ^ so that the diameter of L\ is equal to a 
constant for all % (i.e. blowing up the metric by -4-), we have that: 

i 

• WfiiWc 2 '-! (K) < C) with respect to the norm induced by the blow up 
metric, for all compact subsets of K of z\ + z\ + z\ = 1. 

1 1 ~ 1 1 c 

• ^ 3") 

• \^i(Pi)\ = c > for pi contained in a compact subset of z\-\-z\+z\ = 1. 

It follows by Ascoli-Arzela that (a subsequence of) ipi — > (p^ in C 2, ^~ e (K) 
for all compact subsets, limui_ H _ 00 <Poo(z) = and |<^oo(po)| = c > for some 
point in zf + z\ + z\ = 1 at finite distance from Li. 

Moreover the hypothesis ||2?j[(/9j]|Lo, 7 — > implies that 

°i,j9-2 

||A_^- t ^i + <5 J 2 e /i ^i|| LO o (E - ) -> 
for all compact ii" of z 2 + z\ + zf = 1. Hence 

||A^- M ^|| L oo (ftr) < ||A^- m ^ + (5 2 e /<s ^j|| L oc (x) + <5 2 e / ^||^|| i ^» (E - ) -> 0. 

Since blowing-up ut,s gives in the limit the Eguchi-Hanson Ricci flat metric 
7/1, we obtain 

A m <Poo = 0, 

that is (poo is an harmonic function on z\ + z\ + zf = 1 equipped with the 
Eguchi-Hanson metric. If /3 < 0, lim^i^.^ (p^ = 0. Then, by the maximum 
principle, (^oo must be identically zero, which is again in contradiction with 
|<£oo(Po)| = c > 0. 

Case 3 : -> (and ftfo) -> 0). 

We consider the function ^ defined as we did in the previous case. By 
hypothesis it follows that \(p~i\(z(pi)) = c > for a sequence |z(pi)| =: Rf — > 
+00, where Ri5{ — > 0. Blowing-down the metrics by a factor -R~ 2 , the new 
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metrics j^-odt : s converge to the flat metric r]o on C 2 /Z2- Arguing as in the 
previous section, the functions Xi '■= 'Pi converge (up to a subsequence) 
to a smooth function Xoo on C 2 /^2 \ {0} which is harmonic w.r.t. the flat 
metric. Moreover, 

• |Xoo(f>o)| = C > 0, where po is a point at distance 1 from the origin; 

• \Xoo(p)\<Cd vo (0,pf. 

The pull-back to C 2 of Xoo is an harmonic function which goes to zero at 
infinity and which is less singular than the Green's function if /3 G (—2,0). 
Thus it extends smoothly to all C 2 . Finally, the maximum principle im- 
plies that it must be identically zero. However this is in contradiction with 
|Xoo(po)| = C > 0. 

□ 

Corollary 3.3.1. If 5 (hence t) is sufficiently small and (3 E (—2,0), 

is invertible with norm of the inverse independent of 5. 

Proof Observe that in the non-weighted norm the linearized operator 
is Fredholm of index zero (it is just Laplacian plus 1). Now for a fixed value 
of 5 (and /3 < 0), the spaces p(X t ,M.) and C^(X t ,R) are equivalent, 
i.e. they are the same vector space with equivalent norms. This implies that 
T> ti $ : C?' 7 p(Xt,M.) — > g_ 2 (Xt,M) is also Fredholm of index zero. 

By the previous estimate we know that T>t,s has no kernel for sufficiently 
small 5. Thus is also surjective (being of index zero). The fact that the norm 
of the inverse is uniform is again a consequence of Proposition 13.3. 11 □ 

To solve the equation Est(<f) = we use the following version of the 
Implicit Function Theorem (compare Lemma 1.3 in [16 ): 

Lemma 3.3.2. Let E : X — >• Y be a differ entiable map between Banach 
spaces and let R(x) := E{x) — E(0) — DqE(x) be the non linearities. Assume 
there exists some positive constants L, ro and C such that: 

• \R{x) - R{y)\v < L(\x - y\x){\x\x + \y\x), for all x,y in B x (0,r Q ); 
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• DqE is invertible with norm of the inverse bounded by C. 

If for an r < min{ro, 27^7} the initial error |.E(0)|y < then there exists 
a unique solution of the equation E(x) = in Bx(0,r). 

Proof 

Fix r < min(ro, 2Xc) so that |£J(0)|y < ^7. Finding a solution of the 
equation E(x) = is equivalent to find a fixed point of the map: 

M(x) := D Q E- l {-E(Q) - R{x)). 

M sends Bx(0,r) into itself: since \x\x <r< min(ro, yjjj), 

\M(x)\ x <C(\E(0)\ Y + \R(x)\ Y ) < C + L\x\ 2 x) < r. 

Moreover, \M(x) — M(y)\x < \x — y\x, for all x,y in Bx(0, r): 

\M(x)-M(y)\ x < C\R{x)-R{y)\ < CL(\x\+\y\)\x-y\ < 2CLr\x-y\ < \x-y\ 

Then the result follows immediately by the Banach-Caccioppoli contraction 
Theorem. □ 

In order to apply the above Lemma to our equation, we need to take a 
closer look at the initial error and at the non linearities. 

Lemma 3.3.3. The initial error E$j(0) = 1 — e^ d is estimated in the 
weighted norms as 



for/3e (-2,0). 

Proof We show how to estimate the norm 1 1 Ex 

The other estimates are similar. 

First of all note that at first order the error term is simply given by the 
Ricci potential f$ (which we know to be small in the point-wise norm by 
Proposition 13.2.2]) . Then according to the proof of Proposition 13.2.21 and he 
definition of the weighted norm, we have 

11^(0)11 4 ^CsupV^-^II^C^supiM^- 1 }, 
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4 

where sup is w.r.t. points in the region oa < \w\\y t < 1. Since /3 > — 2 

4 

the above quantity attains its maximum when \w\ ~ 5 3 (i.e., at the gluing 
region). Thus ||^(0)|| 4 = 0(<5^) (note that 5 A < 

8-2/3 

5 s for 5 small). □ 
By Proposition 13.3.11 

\P^[E 5jt (0)}\\ c ^ =0{5^). 

8-2/3 

Now observe that if ||(£>|| c 2, 7 < 0(S 3 ) then un-weighted norms behave 

as \\<p\\ L °° < 0{5^), \\Vtp\\ L ? < 0(5^r) and ||VVlkf < 0(5^). In 
particular these norms go to zero as soon as /3 > —2. Thus the preimage 
by the linearized operator of the initial error is small in the pointwise norm 
up to the second derivatives. This is important when we will prove GH 
convergence of the metrics. 

The non linearities are given by the operator 

id t d t p A id t d t p f . . 

If ||<£>||l°° << 1, since e^ d = 0(1) the non-linearities behave as 

id t d t ip A idtdtip 2 , rn , 3^ 

which implies that 

\\Tlt,5{Pl)-T^t,5{P2)\\ C 0.1 < C5^'^\\pi-ip 2 \\ C 12,l (\\pi\\ c 2,j +||^ 2 || r 2,7 ) 

"t,6'P- 2 &t,8>P "t,5-P "t,5,P 

We are now ready to state and prove the main result: 

Proposition 3.3.2. If 5 (hence t) is sufficiently small and (3 £ (—2,0) then 
the equation 

E t ,s(<Pt) = 0, 

admits a (unique) solution with \\p t \\ c 2,-y = 0(S s' 3 ). 



"t.s 



,0 



Moreover \ \V 2 pt ||z,°° < 0(5^~ ) — > as 5 — > 0. 
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Proof We want to apply Lemma 13.3.21 to our operators E^s- Take 
r o = r o(<5) = C\5~ ~ . Since ||(^||x,oo < 0(5~3~), we can use the estimate of 
the non-linearities TZt s which gives L = L{5) = C 2 5^ 2) . In order to apply 
the Lemma we need that the initial error E t s(0) is much smaller then j^j, 
that is 

f 8-2/3 -0-/3 

which is true for /3 > —2. Then we can take r(<5) = ro(<5) and apply the 
Lemma. The estimate on the pointwise second derivative follows by the 
previous observations. 

□ 



Rephrasing the above Proposition, we have that the form 

<*H,5 = &t,8 + id t d t (pt > 

is the Kahler form of a KE metric provided 5 (hence t) is sufficiently small. 

Finally we show that the KE metric constructed above converges in the 
GH topology to the singular metric on the central fiber. 

Proposition 3.3.3. The KE Del Pezzo surface (Xt,ujt s) converges in the 
Gromov-Hausdorff sense to the original KE Del Pezzo orbifold (Xq,ujq). 

Proof 

It is evident from the construction that the pre-glued metric u>t $ is GH 
close to the orbifold metric ojq. That is dGH((X t ,Ut t s), (Xq,l)q)) — > as 5 
(hence t) goes to zero. 

On the other hand it follows from the implicit function argument that 

2+/3 

\\^t,5 ~ ^t,8\\u t s = \\idtd t (pt\\L^ <0(5 3 ), 
where the norms are computed in the standard point- wise norm w.r.t. the 

2+13 

pre-glued metric. In particular, the identity map on Xt is a C5 e -quasi 
isometry between the KE and the pre-glued metric. 
Then it follows by Proposition 11.2.11 that 

d G H((Xt,u)t,s),(Xo,Uo)) < 

dGH({Xt,u t ,s), (X t ,u>t,s)) + dGH((X t ,& t)S ), (X ,uj )) -> 0, 
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as 



0. 



□ 
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Chapter 4 



Compact Moduli spaces of 
Del Pezzo surfaces 

Smooth Del Pezzo surfaces of degree less than or equal to four come in 
continuous families. An important Theorem of G. Tian [S3] states that all 
such smooth Del Pezzo surfaces admit KE metrics. It is then natural to try 
to understand the global geometry of the set of KE Del Pezzo surfaces of 
fixed degree and its metric compactification. 

The case of Del Pezzo surfaces of low degree can be seen as the first 
interesting case where one can try to verify the Main Conjecture II. 3.11 stated 
in the first Chapter. The only situation where the Main Conjecture is known 
to be true is the case of degree four Del Pezzo surfaces, essentially due to 
the work of T. Mabuchi and S. Mukai [70j . 

In this Chapter we review the case of degree four Del Pezzo surfaces 
recalling the main ideas in Mabuchi-Mukai and extending a little their results 
by showing that the Main Conjecture completely holds in this case. Then 
we study the geometry of the GH compactification. 

Next we investigate the case of degree three Del Pezzos (i.e., cubic sur- 
faces). Even if we are not able to find a complete answer to the compact- 
ification problem, we show how to possibly solve it thanks to our results 
obtained in the previous Chapter on the deformations of nodal Del Pezzo 
surfaces under some additional hypothesis (which we believe should be al- 
ways satisfied). 

Finally we briefly consider the case of degree one and two Del Pezzo 
surfaces by discussing an example, related to an old Conjecture of G. Tian, 



79 



of smoothable KE Del Pezzo surfaces with log-terminal but not canonical 
singularities. 

A small note on the relations between the above moduli spaces and K- 
polystability is added at the end of the Chapter. 

4.1 Del Pezzo Quartics 

Let X4 be a smooth Del Pezzo of degree 4. It is classically well-known 
that the anticanonical divisor is very ample. The anticanonical embedding 
realizes a degree 4 Del Pezzo surface as a complete intersection X4 = Q\f\Q2 
of two quadrics Qi in P . 

The moduli problems of degree 4 Del Pezzo surfaces fits naturally inside 
a classical GIT picture. Given two quadrics Q\ and Q2, one can consider the 
pencil XQ1+HQ2 (i.e., a (projective) line in the space of quadric polynomials 
on P ). Thus we may identify the space parameterizing intersections of 
two quadrics with Gr(2, H°(P 4 , 0(2))). Taking the Pliicker embedding, we 
consider the following GIT picture: 

SX(5,C) r>Gr(2,F°(P 4 ,0(2))) P(A 2 tf°(P 4 , 0(2))). 

(i.e. we are considering the natural GIT stability on the 2-Hilbert point of 
X4). Thus it is natural to consider 

JAI ALG ■= Gr(2,#°(P 4 ,0(2)))//SL(5,C), 

as a possible candidate to be a good algebraic compactification of the space 
of smooth Del Pezzo degree 4 (if all smooth degree 4 Del Pezzo surfaces are 
indeed stable). 

In order to study the above GIT picture, it is useful to consider the 
natural map of sets: 

disc: Gr(2,i/°(P 4 ,0(2))) — > {Binary quintics}/SL(2, C) 
[\Qi+nQ 2 ] — ► det(\Qx+nQ 2 ). 

The central result is the following |70| : 

Theorem 4.1.1 (T. Mabuchi-S. Mukai). The map disc descends to the GIT 
quotient and it induces an isomorphism between M4 and the moduli 
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space of binary quintics M Un ,5 ■= PH°(F\ 0{5))//SL(2, C). 

Every poly stable intersection of two quadrics can be "diagonalized" , i.e., 
it can be expressed as 



with at most pairs of equal Aj . ( Conversely, every intersection of quadrics 
that admits the above representation is polystable). 

Moreover X = Q\ n Q2 is stable iff all Xi in the above representation 
are distinct iff X is smooth. Note that all polystable intersections of two 
quadrics admit at most A± (nodal) singularities. 

It is known that all smooth Del Pezzo surfaces of degree 4 admit a KE 
metric. This follows, for example, by computing the alpha invariant |7Uj 
(and using the fact that all smooth Del Pezzo surfaces of degree 4 can be 
simultaneously diagonalized, as proven in M. Reid PhD Thesis). 

Let (X X i,u)i) be a sequence of smooth KE Del Pezzo quartics. Suppose 
that Xy — > Xu (in the Hilbert scheme), where X^ is polystable intersection 
of quadrics (i.e., A* — > /ij, with no more that two equal fij). Using the fact 
that we may assume that the KE metric is invariant w.r.t. the finite group 
of automorphisms generated by Xi h-> — xi and Xj \-t Xj for j ^ i, it is easy to 
see that the (ri)-embedding of Xi using 1? KE-orthonormal section (Tian's 
gauge) are still in a simultaneously diagonalized form, i.e., 



of the limit anticanonical map (the flat limit) is contained in a degenerate 
(diagonalized) intersection of two quadrics: 




Xq -\- X-y -\- X<2 ~t~ 3^3 ~\~ X^ — 

AqZq + ^1^1 + A 2 x| + X 3 xj + \ A x\ = 




for positive constant iVj with iVj > N l - +1 . 

Taking i — > 00, it may happen that N % - goes to zero, i.e., that the image 



k 



k 




where Zj(Nj a )^ 



Xj if iV? 



/ and Xj 



Zj otherwise and k < 4. The 
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crucial argument in Mabuchi Mukai consists in showing that k = 4 and that 
the corresponding limit anticanonical map is a biholomorphism. Since ^ is 
generic, this proves that every polystable intersection of quadrics admit a 
KE metric. 

On the other hand given any sequence of smooth degree 4 Del Pezzo 
(X^i), by compactness of the algebraic moduli space, we may assume that 
Xj — > fij, with no more that two equal fj,j, (i.e., X\i converge to a polystable 
intersection). Then the GH limits are all polystable intersections of quadrics. 

Recalling that the moduli space of binary quintics is isomorphic to 
¥(1,2, 3), we can state the main result: 

Proposition 4.1.1. 

Mf = M^f IT = P(1,2,3). 

The set of smooth Del Pezzo quartics is parametrized by the complement of 
the ample divisor of equation (in weighted homogeneous coordinates) 

x 2 = 12%, 

see \3ty paa. 151 for the explicit choice of invariants. Moreover, the natural 
map 

D : Mi G ^ P(l, 2, 3) — > M% H , 

given by associating to each polystable Del Pezzo quartic its KE metric struc- 
ture, is continuous and generically 2:1. 

Proof This follows for example by [32 j . where invariants of binary 
quintics are computed. Note that the space of smooth Del Pezzo quartics is 
quasi-projective. The continuity of the map D is obvious by construction. 
D is generically 2 : 1 since Del Pezzo quartics are not given by the product 
of two lower dimensional Del Pezzo surfaces according to Theorem ll.l.ll □ 

As we have pointed out during the proof of the last Proposition, two 
isometric KE degree four del Pezzo surfaces must be either biholomorphic 
or complex conjugate. Therefore, it may be interesting to study the action 
of complex conjugation on the above algebraic moduli space. Not too sur- 
prisingly, the above complex conjugation is induced by an antiholomorphic 
map on the moduli space: 
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Proposition 4.1.2. 

M^ H ^ top P(l,2,3)/Z 2 , 

where the ^-action is given by the antiholomorphic involution obtained by 
the ordinary complex conjugation on weighted projective space. 

In particular the ramification locus of the map D in the previous Propo- 
sition is the real surface RP(1,2,3) = top KIP 2 . 

Proof First of all let us recall that if (X = Q\ n Q2, J) is a given 
intersection of two quadrics in P 4 , then its complex conjugate variety X given 
by changing J to — J is simply X = Q\ n Q2, i.e., the complex conjugate of 
the two quadratic polynomials. 

Moreover it is immediate to see that the above action descend, set theo- 
retically, to the quotient by the SL(5, C) action. Therefore, restricting our 
considerations to the set of 2-Hilbert polystable intersections, we see that 
the action of complex conjugation is given by: 

x + x l + x 2 + x 3 + x \ = 

Ao^q + Aixf + \ 2 x\ + X 3 xj + \ A x\ = 
I 

x o + x i + x l + x i + x l = 
X xl + Aixf + \ 2 x\ + A 3 x| + \ix\ = 

To each polystable intersection of two quadrics is associated the binary 
quintics q(z,w) = Y\f =0 (z — Xiw) £ C[z,w]. Thus we see that if X i->- q, then 
X 1 — y ~q. In particular the complex conjugation coincides with the natural 
complex conjugation on P 5 parametrising binary quintics. 

It is a classical well-known result (compare [32]) that the polynomials 
generating the algebra of invariants Ij are real and satisfy a real syzygy. 
Then the statement follows immediately by the previous consideration look- 
ing at the isomorphism 

Adf G = P 5 / /SL(2, C) — >■ P(l, 2, 3) 

given, with a little abuse of notation, by q h-> (/4(g) : Is(q) ■ ^12 (<?))• 

□ 

It is maybe interesting to note that an intersection of quadrics X = 




83 



QiCiQ2, with Qi and Q2 simultaneously diagonalized as in the above proofs, 
can be biholomorphic to its complex conjugate X even if the coefficients of 
Q2 are not real: in fact, if the coefficients of Q2 appear in complex conjugate 
pairs, e.g., (Ao,Ai = Ao, others real), then linear maps of the type xq -h- x\ 
give biholomorhisms between X and X. 

Thanks to the previous results, it is easy to compute some topological 
invariants of the GH compactification. 

Corollary 4.1.1. 

. GH (q A; = 0,4; 

H k (M° A H -M = { 

I otherwise. 

In particular the Euler characteristic e(A4 4 ) = 2. 
Proof Consider the ramified covering map: 

p: P 2 — ► P(l,2,3) 
(x : y : z) 1 — > (x : y 2 : z 3 ) 

It is well known [59] that the induced map on rational cohomology 

p* : H* (P(l, 2, 3); Q) — ► H* (P 2 ; Q) 

is an isomorphism, which is also manifestly equivariant w.r.t. the Z^-action 
induced by complex conjugations on P 2 and P(l,2,3). 

Now we recall (compare [85]) that the transfer homomorphism in coho- 
mology induces the following isomorphism: 

vr* : H* (P(l, 2, 3)/Z 2 ; Q) —> H* (P(l, 2, 3); Q) Za , 

where H* (P(l, 2, 3); Q)^ 2 , denotes the Z2-invariant part of the cohomology. 
Thus the map 

P*tt* : H* (m% H ;Q) — ► H* (P 2 ;Q) Za , 

is an isomorphism. It is straightforward to see that the Z2-action is trivial 
on the and 4 cohomology and changes the hyperplane class [u] to — [uj] 
inside H 2 . Then the claim follows trivially. □ 
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We conclude this section by describing some special points in the moduli 
space and the corresponding intersection of quadrics (the proof is just a 
trivial computation of the value of the invariants as in |32| . so we omit it). 

Proposition 4.1.3. Under the identification _A/f 4 = P(l,2,3), we have 
that 

• pi = [1 : : 0] is a smooth point corresponding to the smooth inter- 
section of quadrics given by: Q\ = Id and Q2 = diag(l, /i, (J? , , fi , ) 
with ^ = 1 primitive; 

• P2 = [0 : 1 : 0] is a singular point of type A\ corresponding to 
the smooth intersection of quadrics given by: Q\ = Id and Q2 = 
diag(0, 1, fj, , [i 2 , fi 3 ) with // 4 = 1 primitive; 

• P3 = [0 ■ : 1] is a singular point of type A2 corresponding to 
the singular intersection of quadrics given by: Q\ = Id and Q2 = 
diag(0, 0, 1, fj, , fj, 2 ) with fj, 3 = 1 primitive; 

• P4 = [16 : 2 : 6] is a smooth point corresponding to the toric singular 
intersection of quadrics xox± = x\ = £3X4. 

The ramification locus KP(1,2, 3) goes through all the above special points 
and intersects the divisor parameterizing singular intersections of quardrics 
x 2 = 128y non transversely along an S . Thus the quotient P(l,2, 3)/Z2 — 
Ai 4 fails to be a topological manifold only at two points (the images of P2 
and P3). 

Finally it is interesting to note that there are singular points in the 
moduli corresponding to a smooth variety and viceversa smooth points in 
the moduli corresponding to singular varieties. 

4.2 Del Pezzo Cubics 

We begin by recalling some known results on cubic surfaces and their moduli 
space. 

First of all let us note that two (orbifold) cubic surfaces I,7CP 3 are 
abstractly biholomorphic if and only if there is a matrix in SX(4, C) such 
that X = g.Y (where the action is the natural one induced on the space of 



85 



cubic polynomials P 19 = P(#°(P 3 , 0(3)))). This simply follows by the very 
ampleness of the anticanonical divisor. 

Then, denoting with M 3 the set of biholomorphism classes of smooth 
cubics, we have 

M 3 ({Smooth cubics polynomials} C P 19 ) /SX(4,C). 

In order to check that the above space satisfies the Hausdorff properties, 
it is important to study the GIT quotient for the SL(A, C) action on the 
space of cubics (note that the associated notion of stability coincides with 
Chow-stability). The following results, which follows by an easy but long 
application of the Hilbert-Mumford criterion and which was already con- 
tained in Hilbert's Doctoral Dissertation of 1885, describes completely the 
GIT quotient. 

Proposition 4.2.1 (D. Hilbert). A cubic surface X is 

• Chow stable if and only if it has at most A\ singularities. 

• Chow semistable if and only if has at most A\ or A2 singularities. 

Moreover there exists only one Chow strictly polystable orbit corresponding 
to the singular cubic defined by T := {xyz = t 3 }. 

Thus 

M 3 C M~ 3 ALG := F 19 //SL{4, C), 

ALG 

where Ai 3 is a connected projective compact algebraic variety. Moreover 
the boundary 

dMf LG :=M~ 3 ALG \M 3 

consists of two strata 

dM~ 3 ALG = SS 3 U {T}, 

where SS3 denotes the set of singular stable cubics, and T the (orbit) of the 
toric cubic xyz = t 3 (with 3A2 singularities). Moreover we can stratify SS 3 
by the number of A\ singularities 

SS 3 = SS\ U SS\ U SSl U {C}, 

where SS 3 3 denotes the set of cubics with jA\ singularities and C the (orbit) 
of the Cayley's cubic xyz + yzt + ztx + txy = with AA\ singularities. 
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Next we focus on the existence problem of KE metrics on cubic surfaces. 
Denote with U KE the set defined by 



U := {[X] £ M 3 | the polystable rep. admits a KE orbi. metric }. 

Theorem 4.2.1 (G. Tian [93], B. Wang ]99]). 

M 3 U SSl U {C} U {T} C 

Moreover, Chow unstable cubics cannot admit KE metrics. (This last point 
follows by Tian's computation of the generalized Futaki invariant f31)j). 

Note that C and T admit obvious KE orbifold metrics since they are 
quotients of a KE Del Pezzo of degree 6 and of P 2 respectively. 

Some remarks on the above results are needed. The proofs of these 
results don't imply that the singular KE cubics in SS\ U {C} U {T} are 
GH limits of smooth cubics. Moreover it is not a priori obvious that Chow 
semistable but not polystable cubics do not admit KE metrics. 

Using our result Theorem 13.1.11 we can extend the knowledge on the 
existence and degenerations of KE metric on cubic surfaces: 

Proposition 4.2.2. 

ss J 3 nu KE /0 

for j = 2,3, i.e., there are some KE cubics with 2 or 3 nodal singularities. 
Moreover all KE cubics with only nodal singularities appear in the "bound- 
ary" of the KE compactified moduli space M 3 

With the above results on algebraic and metric compactifications in 
mind, we are now able to state the precise statement of the Main Conjecture 
11.3.11 in the case of cubic surfaces: 

Conjecture 4.2.1 (Degenerations of KE cubic surfaces). There exists a 
2 : 1 ramified covering mapping 



■ALG -r-r-GH 



D : M 3 — > M 



-ALG 



where Mz^^ := P 19 //SX(4, C). More precisely, every (Chow) -poly stable 
cubic admits a KE (orbifold) metric and the continuous map D is given by 
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associating to each polystable Del Pezzo cubic its induced KE metric struc- 
ture. In particular GH limits of cubics have at most Ai or exactly 3A2 
singularities. 

Beside Chow-poly stable cubics, no other (normal) cubic surface admits 
a KE metric. 

The rest of the section is dedicated to prove the above Conjecture assum- 
ing our Deformation Conjecture 12.3.11 and to the study of the geometry of 
M3 . We remark that the argument given below can be used to reprove 
the existence of KE metrics on smooth cubic surfaces once we know that the 
set of Chow-polystable cubics is not empty. We may point out that similar 
techniques can be used to reprove the case of Del Pezzo quartics. 

For the reader's convenience, we divide the argument in four subsections: 

• GH degenerations of cubics in Tian's gauge; 

• Deformations of KE orbifold cubics; 

• Proof of the Conjecture under some assumptions; 

• The geometry of the compactifled moduli space. 

GH degenerations of cubics in Tian's gauge 

We begin by recalling some basic facts on Tian's gauge (compare [93J) and 
limit anticanonical maps discussed in the first Chapter. 

Let (Xi,uji) be a sequence of smooth KE cubics. For each i choose an 
L 2 -KE orthonormal basis of H®(K^;) and denote with Tj the associated 
holomorphic embedding of Xi into the fixed P 3 . We say that Tj(Xj) is a 
cubic in Tian's gauge. Being defined only up to the compact group SU(4) 
and by the compactness of the Hilbert scheme (in this case simply P 19 ), we 
can assume that there is a subsequence of the Ti(Xi) converging to a possible 
very singular (non-reduced, reducible and with bad singularities) cubic W, 
which we call the flat limit. 

On the other hand, we know that, again up to subsequences, Xi converge 
to a KE orbifold G in the Cheeger-Gromov sense, i.e. GH and smoothly up 
to diffeomorphisms on compact sets away from the singularities. We call 
this limit G the GH limit. Moreover it is possible to show (Tian) that an 
L 2 -KE orthonormal basis of H Q (K^ 1 ) converges smoothly to an orbifold 
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basis of ^(Kq 1 ) which is also L 2 -KE orthonormal w.r.t. the limit orbifold 
KE metric i^oo. 

In conclusion, we can w.l.o.g assume that (Xi,Ui) GH converges to an 
orbifold G and to the flat limit W, once embedded using Tian's gauge. 
Moreover, by construction, the biholomorphic embedding Tj converges to a 
limit anticanonical meromorphic map 

^ :G-+W 

given by 4 anticanonical sections. We can also assume that 

• The indeterminacy locus, i.e. the set of points in G where the function 
fails to be holomorphic (or can be extended to one), which in general 
is a just a subset of the base locus (a priori the linear system can have 
some fixed part), consists of finitely many isolated points. 

• The image T^iG^j is of dimension ^ 1 (by the Open map Theorem). 

Using the estimate of Theorem 12.1.11 it is easy to prove the following 
result. 

Proposition 4.2.3. The map is a biholomorphism between G and W . 
In particular G = W is an irreducible, Chow semistable, orbifold cubic which 
admits a KE metric. 

Proof By general theory (compare Chapter two), it is known that a 
GH limit of a sequence of smooth KE cubic surfaces must be a Del Pezzo 
of degree three with Q-Gorenstein smoothable singularities. Combining the 
estimate of Theorem 12.1.11 with the Kollar, Shepherd-Barron classification of 
Q-Gorenstein smoothable singularities (see Theorem 12.2. ip . it follows that 
G must have at most canonical singularities of type A± or A%. In particular 
the anticanonical divisor is very ample, i.e. the limit anticanonical map 
is actually an embedding ([30]). Finally, G = W C P 3 must be Chow 
semistable by Proposition 14.2.11 □ 

Deformations of KE orbifold cubics 

By our Theorem on nodal Del Pezzo, we know that generic deformations of 
KE cubic surfaces with A\ singularities admit KE metrics. If we assume our 
deformation Conjecture 12.3.11 then we know that the set of KE polystable 
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cubics with at most nodal singularities is open in the analytic topology of 

Now let T := {xyz = t 3 } be the unique KE Chow polystable cubic in 
-ALG 



.M3 with non trivial Auto(T). We would like to apply our Conjecture 
12.3,11 to this particular example. Consider the A2 singularity of T at the 
point [0,0,1,0] ofW® y z t . All the cubics obtained by (partial)-smoothings 
of this singularity are given the equations: 

xyz = t(t — a%z)(t — b%z). 

We can think the pair (03,63) as coordinates for 5x^(0^, Ot) at p. Thus 
we have the following: 

• If 03 = or 63 = or 03 = 63 (but not all zero) then the A2 singularity 
is deformed to an A\ singularity. 

• If 03 7^ and 63/O and 03 7^ 63 then the A2 singularity is smoothed 
out. 

A similar argument applies to the other two A2 singularities. In partic- 
ular, by Proposition 12.2.11 the versal family of Q-Gorenstein deformations 
of T is given by 

xyz = t[(t - a\x){t - hx) + (t- a 2 y)(t - b 2 y) + (t- a 3 z)(t - b 3 z)\. 

It is then easy to see how Auto(T) acts on the space of versal deformations: 
Lemma 4.2.1. Let T := {xyz = t 3 }. Then 



with A1A2A3 = 1, Xi £ C*; 



It acts on T by x 1— )■ Aix, y 1— > X%y, z 1— > X3Z and t\->t. 
. - H%T,£xt\^0 T )) - Cl iM eCl 2M (BCl 3ib3 ; 
• The action Auto(T) = C 6 is given by Diag (Ai, Ai, A2, A2, A3, A3) . 

Proof The above properties are immediate once observed that T is 
isomorphic to P 2 /^3 via the map: 

3 . „3 . „3 





(x x 








• Aut (T) ^ 





A 2 







I 





A3 



[zq : Zi : z 2 ] 1 — > [zq : z{ : 2% : z Ziz 2 ]. 
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□ 

Then, we can study the corresponding GIT stability notion: 

Lemma 4.2.2. Let Auto(T) = diag{\\, A2, A3) with AiA2,A3 = 1 acts on 
T)p as explained in the previous Lemma and let v ^ be a vector in Tip = C 6 . 
Then the followings are equivalent 

1. v is poly stable; 

2. No one of the pairs (aj, bj) is equal to zero; 

3. The corresponding deformed cubics have no more A2 singularities. 

Proof We have already discuss the implications (2) 44> (3). 

(1) => (2). Suppose w.l.o.g that (ai,b±) = 0. Then it is sufficient 
to consider the action of the 1-ps a t := diag(p-,t,t) to destabilize v, i.e. 
lim^oo-*^ = 0. 

(2) (1). First of all note that by the nature of the action, the only 
possibility for an orbit of not being closed is that zero is in its closure. Thus 
what we need to prove is that under assumption (2) is impossible to converge 
to zero. W.l.o.g we can assume that a% 7^ 0. If is in the closure of the 
orbit of v then we need |Ai| — ^ 0. But, since A1A2A3 = 1, this would implies 
that at least one of |Aj| — > 00, say A2. But condition (2) is telling us that at 
least one between 02 and 62 is different from zero. If 02 7^ then we would 
get a2A2 — > 00 which contradicts our assumption. 

□ 

Finally we can relate the above notion of stability with Chow stability 
of cubics. By combining Theorem 14 . 2 . 1 1 wit h Lemma 14.2.21 we immediately 
infer the following: 

Lemma 4.2.3. Under the previous notations: 

• v £ Ti, is polystable 44> the corresponding cubic surfaces is Chow 
polystable. 

• v G is not-poly stable 44> the corresponding cubic surfaces is Chow 
semistable but not polystable. 

In conclusion, we have: 

Proposition 4.2.4. // Conjecture \2.3.1\ holds thenU KE is open in the an- 
alytic topology of M.^ Chow . 
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Proof of the conjecture under some assumptions 

We are now going to prove Conjecture 14.2.11 assuming that the general pic- 
ture on deformations of KE metric holds. Note that this assumption is quite 
natural: the only point where the study of the deformation theory is more 
complicated, is at the toric cubics T. 

First of all we prove that U KE is closed in M.^ how . Before proceeding, 
recall that, since all Chow semistable but not polystable cubics can degen- 
erate to the toric cubic T, GH limits of cubics are indeed Chow polystable. 

Proposition 4.2.5. If Conjecture \2.3.1\ holds then IA KE is closed in the 
analytic topology of ' 003 . 

-Chow 



Proof First of all notice that, being .A/f 3 metrizable, we can prove 
closure using sequences. We will show that U KE coincides with the closure 
in the analytic topology of the locus parametrizing smooth KE cubics. 

Thus, let us start by defining U^ E ooth C U KE to be the set of smooth KE 
cubics. We claim that U^ ooth is pre-compact in U KE w.r.t. the (induced) 
analytic topology of the Chow quotient. 

Let (pi) C U^ E ooth be a sequence. All we need to prove is that we 
can find a subsequence converging to a point p G U KE . W.l .o.g we can 
assume we have pi = [T(JQ)] i.e. pi is represented by a smooth cubic in 
Tian's Gauge. Then we know (Proposition I4.2.3P that up to subsequence 
[T(Xi.)] -> [Too(G)] where G is the GH limit (hence KE) and the bi- 
holomorphic limit anticanonical map. As we have remarked T(G) must be 
Chow polystable. Thus pi j — > [Too(G)] =: po G U , i.e. 



U Smooth ± U 



(here bar denotes the closure in the Analytic topology of the Chow quotient). 
Note that we are tacitly using that the GIT quotient is Hausdorff (more 
precisely that we have uniqueness of the limit). 
To finish the proof it remains to prove that 



U Smooth =! U 

Thus let po £ U KE and we claim that we can find a sequence of pi 6 U^ E ooth 
converging to pq. By assumption we know that po = [Xq] where Xq is a Chow 
polystable cubic admitting a KE metric. Applying Conjecture 12.3. 11 we can 
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find a sequence of smooth KE X{ GH converging to Xq. Now setting the 
Xi in Tian's Gauge T(Xi), eventually taking a subsequence we can assume 
[T(Xj%)] — > [Too(G)], where G denotes the GH limit of the Xi which, by 
the uniqueness of the GH limit, must be isomorphic to Xq and, since the 
limit anticanonical map Tqq is a bih.olomorph.ism, to T{G^. Thus defining 



Pj := [T(Xi.)] € U$£ ooth we have that Pj -> [T(G)j = [T(X Q )\ = [X ] = Po 



KE 

C LA 

as we desired. 

□ 

Now we are able to prove the Conjecture 14.2.11 



Theorem 4.2.2. If Coniecture \2.cf7I\ then Conjecture\4-2.1\ holds. 



Proof First of all note that, since the Hilbert scheme P 19 is connected, 



-Oh 



is also connected (a GIT quotient of a connected variety is con- 
nected). Thus, since U KE £ 0, 

U KE = Mf hm ". 



The fact that the natural map D is continuous follows by by the deformation 
theory of KE orbifolds that we are assuming. Note that D is also automat- 
ically closed and proper, being a continuous map between two Hausdorff 
spaces. The fact that the map is generically 2 : 1 follows by our Theorem 
11.1. 11 since cubic surfaces are not product of two lower dimensional Fano 
manifolds. 

□ 



The geometry of the compactified moduli space 

The ring of invariants of cubic surfaces in P 3 is classically very well-known 
(compare for example [33] pag. 534): 

TZ = C[Jg, he, I24, 132, ho, hoo]/ < ifoa ~ F{h, he, hi, I32, ho >, 
where lj is a (real) homogeneus polynomial in Sym 3 ^(C 20 ). Thus 



-ALG 



M 3 = Proj K = P(l, 2, 3, 4, 5). 

Moreover the locus of smooth cubics is given by the complement of the 
ample divisor in P(l,2,3,4, 5) = Proj C[x, y, z, t, u] (with obvious degrees) 
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with equation (x 2 — 64y) 2 — 2 n (8t + xz) = 0. Observe that the equation 
which defines the divisor is not canonical, i.e., depends on the choice of 
invariants (which we have taken to be as in |33j). For example, the point 
corresponding to the Cayley cubic is [1 : — 1 : — 1 : — 1 : 2]. 

Then it is immediate to observe that .M3 is singular at the points 
[0 : : 1 : : 0] (a quotient by Z 3 ), [0 : : : : 1] (a quotient by Z 5 ) and 
along the rational line [0 : * : : * : 0] = P(2, 4) ^ P(l, 2) ^ top S 2 . 

It can be shown that the set theoretically defined involution on the mod- 
uli space of cubics given by taking a cubic to its complex conjugate reduces 
to the obvious complex conjugation map on the moduli space (hence it is 
anti-holomorphic) . The fixed set of the involution is RP(1, 2, 3, 4, 5). The 
Z2-quotient of by this involution (i.e., the expected GH compactifi- 

cation) is a smooth orbifold. Its topological Euler characteristic is equal to 
three. 



4.3 Del Pezzo of degree two and one 

It is a classical fact (compare [55]) that every Del Pezzo surface of degree 2 
can be realized as a degree 2 branched cover of P 2 ramified along a smooth 
quartic surface (the anticanonical linear system provides such a covering). 

Therefore a good candidate for the moduli (and its compactification) of 
degree 2 Del Pezzo surfaces is given by the moduli of quartics in P 2 , i.e. by 
non-hyperelliptic curves of genus three: 

M 2 C M^Z- := P(Sym 4 C 3 )//5L(3,C). 

Comparing [77] we see that: 
Proposition 4.3.1. Let Q be a quartic surface in P 2 . Then 

• Q is stable iffQ is smooth or it has at most nodes (i.e., locally z 2 = w 2 ) 
or cusps (i.e., z 2 = w 3 ) as singularities; 

• Q is strictly polystable iff Q = (x 2 + y 2 + z 2 ) 2 (up to SL (3)) or a union 
of two tangent conies where at least one is smooth. 

Ghigi and Kollar proved in [50] that every Del Pezzo surface of degree 
1 with Ai or A2 singularities admits a KE orbifold metric. Taking double 
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covers of P 2 ramified along singular quartics, we can rephrase their result as 
follow: 



Proposition 4.3.2. Let X2 — > P 2 be a degree 2 Del Pezzo whose ramification 
locus is a GIT-stable quartic Q 6 P 2 . Then X2 admits a (unique) KE 
orbifold metric. 

By our result on deformations of nodal KE Del Pezzo surfaces, we know 
that many of these singular Del Pezzo surfaces appear as GH limits. It is 
natural to believe that in reality all such singular Del Pezzo appear as GH 
degenerations, i.e., 



■GH 



(P(Sym 4 C 3 )75L(3)) /Z 2 C M 2 



where the Z^-action is induced by complex conjugation. 



However, we can easily observe that (a ^-quotient of) the compact space 

HIT 
guar 



M. guar has to be different from the GH compactification: 



Proposition 4.3.3. (A 2,2-quotient of) M quar is not a "coarse" moduli 
space for smooth KE degree 2 Del Pezzo surfaces and their degenerations. 

Proof If it were the case, we would have a KE metric uj on the space X 
given by taking the double cover of P 2 branched on the not-reduced quartic 
Q = (x 2 + y 2 + z 2 ) 2 . Moreover (X,w) would be a GH limit of smooth 
Del Pezzo surfaces. But this is clearly impossible, since the space X has 
two irreducible components while GH limits of Del Pezzo surfaces must be 
irreducible. □ 

We can heuristically describe from the point of view of differential geom- 
etry what is happening around the special point [(x 2 + y 2 + z 2 ) 2 ] £ M r in 
this way: let ([Qi]) and ([Pi]) two distinct sequences of smooth quartics both 
converging to the special point [(x 2 +y 2 +z 2 ) 2 ], and let (XQ i ,uji) and (Xp^rji) 
the corresponding degree 2 KE Del Pezzo surfaces. Then generically we have 
that dcH^Q^XpJ > C > 0. In particular, up to subsequences, XQ i — > X\ 
and Xp i — > X2 in the GH topology with X\ / X2, i.e. if we approach the 
special points by different directions we have different metric limits. 

What the previous considerations suggest is that the GH compactifica- 

GIT 

tion of degree two Del Pezzo surfaces should be a sort of blow up of M quar 
at the special point. 
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In the remaining part of the section, we describe what we expect is 
really happening around the non-reduced quartic. First of all, let us recall 
that smooth quartics in P 2 are never hyperelliptic (recall that a curve is 
called hyperelliptic if it admits a branched double cover to P 1 ). The space 
where hyperelliptic curves of genus three naturally embed, is the weighted 
projective space P(l, 1,4). In this case the equations are 

i=0 

Now let X be a Del Pezzo of degree 2. Then X defines a pair (F 2 ,Q), 
where X — > P 2 is a 2 : 1 map with ramification divisor a quartic Q. In 
order to find a nicer compactification of degree 2 Del Pezzo, we may think 
to consider degenerations of pairs (P 2 ,Q). It is known [52] that P 2 admits 
Q-Gorenstein degenerations to P[l, 1,4]. This suggests that we can consider 
degenerations of degree 2 Del Pezzo surfaces to double cover of P[l,l,4] 
ramified along hyperelliptic genus 3 curves (possibly degenerate). Observe 
that these degenerate Del Pezzo surfaces have always two C 2 /Z4 singularities 
(non-canonical) . 

It is natural to ask if one can find KE metrics on these strictly log- 
terminal Del Pezzo surfaces. It turns out that we have already described an 
example (compare Proposition 12.3.1]) : it is easy to see that the double cover 
Xi of P(l, 1,4), ramified along the degenerate hyperelliptic curve z 2 = x y , 
is a toric degree 2 del Pezzo surface with Sing(X2) = 2A% + 2C 2 /Z4. Thus 

Lemma 4.3.1. The Q-Gorenstein smoothable KE toric degree 2 Del Pezzo 
Y2 in Proposition \2.3.1\ is isomorphic to the surface Xi obtained as double 
cover of the weighted projective plane P(l, 1, 4) branched along the degenerate 
genus 3 hyperelliptic curve of equation z 2 = x 4 y 4 . 

The degenerate hyperelliptic curve z 2 = x 4 y 4 is somewhat special. A hy- 
perelliptic curve of genus 3 defines naturally 8 points on P 1 (ramifications). 
Then one can study the action of SL(2, C) on the space parametrizing un- 
ordered sets of 8 points in P 1 , i.e., binary octics. Then by classical GIT, we 
know that 8 points are stable if no more than three points are equal and that 
there is only one strictly polystable orbit corresponding to the cycle given 
by 4 points at and 4 points at infinity in P 1 . This last most degenerate 
case corresponds exactly to the hyperelliptic curve z 2 = x A y A . 
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Thus it is natural to think of the KE Del Pezzo surface X2 = Y2 as the 
most degenerate "stable" degree 2 Del Pezzo surface. Moreover by Theorem 
12.1.11 the singularities which appears in the GH compactification must be 
exactly of the type C 2 /Z4, beside the canonical ones. 

With the above observations in mind, we can now formulate a more 
precise version of the Main Conjecture 11.3.11 in the case of Del Pezzo of 
degree 2: 

Conjecture 4.3.1. There is a compact projective algebraic variety X2 = 

y4._LG GH 

M.2 together with a 2 : 1 ramified continuous maps D : X2 — > -M 2 , 
such that 

• There exists a birational morphism 

ir:X 2 ^ MgZ := P(Sym 4 C 3 )//SL(3, C), 

which contracts a divisor E = M-Octics = ^(Sym s (C 2 ))/ / SL(2, C) to 
the special point [(x 2 + y 2 + £ 2 ) 2 ] and is an isomorphism away from E. 

• Each point p 6 E represents a singular degree 2 Del Pezzo surface 
obtained as a ramified degree two covering o/P(l, 1,4) ramified along 
a possibly degenerate hyperelliptic curve C of genus three given as a 
degree two cover 0/P 1 branching on a poly stable binary octic. In partic- 
ular all such Del Pezzo surfaces contain a pair ofC 2 /Z*4 singularities. 

• Every Del Pezzo surface naturally associated to a point of X% admits 
an (orbifold) KE metric. The map D is then the canonical map that 
associates to each KE Del Pezzo surface the induced metric structure; 

In particular, GH degenerations are parametrized by a reducible divisor 
F = E U G C X2 ■ The singularities which can appear in the GH limits, are 
at most of type ^1,^2,^3 (canonical) or C 2 /Z4 (log-terminal). 

Observe that X2 is not equal to the Deligne-Mumford compactification 
of the moduli of genus three curves. On the other hand it seems quite 
important to understand if the above X2 is itself given by a GIT quotient. 
A natural guess could be the following. Del Pezzo surfaces with canonical 
singularities embed (using the bianticanonical map) in P 6 . It is easy to check 
that also Y2 = X2 above has the same property. Then one can consider the 
GIT quotient of the Chow variety parametrizing, in particular, the cycles in 
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P 6 associated to degree 2 del Pezzo. It seems interesting to see if the above X 
can be realized as (a component of) the GIT quotient variety parameterizing 
Chow polystable points. 

We finish this chapter with a small remark on degree 1 Del Pezzo sur- 
faces. It is known (compare |55j ) that the bianticanonical embedding re- 
alizes any degree 1 Del Pezzos as double cover over a quadric cone in P 3 . 
The ramification locus is given by the intersection of the quadric cone with 
a cubic surface (i.e., a genus 4 curve). In the degree one case we have not 
yet identified a possible candidate for the GH compactification. However, 
we should recall that in [27] the authors proved that there are KE orbifold 
metrics on many singular degree one Del Pezzo surfaces with A±, A2, A3, 
A4, A§ and Aq singularities. Moreover we should recall our example of a 
smoothable Del Pezzo surface of degree 1 with genuine non-canonical sin- 
gularities. It seems to be interesting to realize this example "geometrically" 
(we know only that it embeds in P 6 by the three anticanonical linear sys- 
tem): as before, it may be used to obtain a precise picture of what the GH 
compactification should be. It is also interesting to see if the moduli space of 
degree 1 Del Pezzo surfaces is related to the DM compactification of genus 
4 curves (observe that, by dimension counting, the moduli space of degree 
1 Del Pezzo surfaces is one dimension smaller that the DM moduli space). 
It is also reasonable to believe that the GH compactification agrees with 
(a component of ) the Chow quotient of degree 1 Del Pezzos in their third 
anticanonical embeddings (in P 6 ). 



4.4 Some concluding remarks 

By the above discussion it is evident what the GH compactification picture 
is (or should be) in the case of Del Pezzo surfaces. Moreover the relations 
between GH limits and "stable" Del Pezzo surfaces is particularly interest- 
ing. A way of rephrasing the results of this Chapter in the spirit of the YTD 
Conjecture 10.0. II is the following: 

Let X be a degree d (with d £ {1?, 2?, 3(?), 4}) Q-Gorenstein smoothable 
Del Pezzo surface (in a family %d). Then 



X is KE X is "GiT d -polystable" , 
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Moreover, up to finite covering, 



M2 



'H 




Udl/G 



(at least for degree 3 and 4. A "glueing" of GIT quotients may be required 
in deg 2 or 1 cases). 

Here GIT^-stability denotes a particular GIT notion of stability, "ad 
hoc" chosen for each d (e.g., 2-Hilbert for degree 4, Chow for degree 3). In 
this two cases, %i is the Grassmanian parameterizing intersections of two 
quadrics and T-L^ = P 19 (the Hilbert scheme parameterizing cubic surfaces). 

Recall that "^=^" direction follows by proving that GH limits are always 
inside the family T~Ld and that GIT^ unstable varieties can not admit a KE 
metric (hence they must be GIT^ polystable). The direction "<^" is a bit 
indirect. Essentially it is a consequence of a topological argument which 
implies that all G/T^-polystable Del Pezzo surfaces are indeed GH limits 
(of smooth) KE Del Pezzo surfaces. Hence by GH degeneration a GIT&- 
polystable Del Pezzo surface must be KE too. 

It would be particularly important to understand if the above situations 
can be unified using a similar stability notion in all cases. A possible classical 
candidate is Chow stability (the one used to study cubic surfaces). It may 
be the case that the GH compactification is related to Chow quotient for all 
d Del Pezzo. For degree 1 and 2 the candidate seems to be Chow stability 



On the other hand, it is interesting to see the relation with K-polystability. 
By the very recent paper of Berman |llj it follows that GH limits of KE Del 
Pezzo surfaces are indeed K-polystable. Hence the moduli spaces M^ LG are 
compact and projective varieties "parameterizing" (a priori) a subclass of Q- 
Gorenstein smoothable K-polystable Del Pezzo of degree d. Thus a natural 
(algebraic geometric) question is: are there any other Q-Gorenstein smooth- 
able K-polystable Del Pezzo surfaces of degree d beside the ones appearing in 
the GH (GITd) compactification? It is seems that if any "reasonable" (i.e., 
"Hausdorff " ) algebraic (moduli) structure exists on the set of isomorphism 
classes of Q-Gorenstein smoothable degree d Del Pezzo surfaces, then this 
"space" must coincide with the GITj compactification considered above. In 
this direction, recall that the set of smooth K-polystable Del Pezzo surfaces 
has a natural structure of an irreducible quasi-projective variety (it follows 



m 



P 6 
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by [93] , [38] together with the identification of this set with the complement 
of a divisor in the above Ai d ). 
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Chapter 5 



Degenerations & Moduli of 
higher dimensional Fano 
manifolds 

In this last Chapter we discuss some possible generalizations of the problems 
discussed in the previous part of the Thesis. In the first section we introduce 
the notion of cKE metric (conical KE) at rate fj, on Q-Fano varieties with 
isolated singularities. Of course, not all Q-Fano varieties can admit KE 
metrics. In particular, we prove a criterion for the non-existence for these 
cKE metrics. The criterion depends on some properties of the singularities. 
Then we briefly discuss the deformation theory of cKE Q-Fano varieties, 
focusing on the case of nodal singularities. 

Finally, we show an example of a (possible) GH compactification of KE 
Fano manifolds in dimension three (intersections of two quadrics in P 5 ). 

5.1 KE metrics on singular Fano varieties 

As we briefly discussed in the first Chapter, the existence of KE metrics on 
singular Q-Fano varieties is a subtle problem. In the recent paper |14j . the 
authors consider "weak" solutions to the complex Monge- Ampere equation 
in the sense of pluripotential theory. They provided some sufficient condi- 
tions for the existence of such metrics. However, nothing is known about 
the asymptotic behavior of the metric near the singular set. This last fact is 
particularly unsatisfactory when one want to study the local structure of the 
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moduli space at these singular KE Fano manifolds (compare the discussions 
on Del Pezzo surfaces in the previous Chapters). 

Since it is expected that the KE metric is asymptotic near the singular- 
ities to CY cones (in the case of isolated singularities), we consider an "ad 
hoc" definition of singular KE metrics with prescribed asymptotic behavior 
at the singularities. However, we should remark that there are no known 
examples of these kinds of singular spaces. 

Definition 5.1.1. Let X n be a Q-Fano variety whose singularity set consists 
of isolated points {pi, . . . ,p n }- We say that X n admits a conical KE metric 
(cKE) (at rate (m), with fa G (0,2]), if the following properties hold: 

• On X n \SingX n there exists a smooth KE metric u satisfying Ric(uj) = 

• The metric completion of X n \ SingX n is naturally identified with X n 
itself; 

• Around each singular point we can find biholomorphic maps 

: Ui C X n -> Vi C C(Li), 

where (C(Lj) = R + x Lj,^,^, J) is a Calabi-Yau cone, i.e., it admits 
a Ricci flat Kahler metric of the form 

gi = dr 2 + r 2 g Li , 

with {Li,gLi) a smooth (2n — 1) real manifold (the link), necessarily 
(Sasaki)-Einstein. 

The metric ui can be written around the singularities as 

tpi 1 *!^ = rji + iddhi 
for a continuous function hi G C°(Vi) D C°°(Vi \ {0}) satisfying: 

where r denotes the distance from the tip w.r.t. the CY metric. 
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Observe that since > the metric is genuinely asymptotic to a CY 
metric cone. Moreover note that when n = 2 every KE Del Pezzo orbifold 
satisfies the above definition with /ij = 2 (it is sufficient to take (invariant) 
normal coordinates). Observe that cKE Q-Fano with rate \ii > 2 cannot 
exist (this is the reason why in the definition we impose fii < 2). 

The basic example of these kind of singularities is the node 

V := {z\ + • • • + z 2 n = 0} C C n . 

It is well-known that this singularity admits a CY conical metric. As we 
will show later, the CY metric has the explicit form 

r]o,stn = idd{\z\ 2{l ~^ ] )\ Vo , 

where \z\ 2 = \ zi\ 2 . Moreover, a standard computation in Sasakian ge- 
ometry shows that, setting r 2 := A|z| 2 *- 1- ™^ for a suitable constant A, the 
metric is a cone metric, i.e., 

9o,Stn = dr 2 + r 2 g, 

where g is an (Einstein) metric on the link L = S' n_1 -bundle over S n . Note 
the relation between the intrinsic distance function from the tip r and the 
"extrinsic" distance \z\: r~ |z|'' 1_ ™- > . 

In order to understand GH compactifications of KE Fano manifolds in 
higher dimension, it is important to consider not only isolated singularities. 
For example in the case of threefolds one needs to consider the possibility 
that the singular locus consists of a complex curve (compare }34j ) . If the 
singular locus is smooth then the KE metrics to consider should be of orbifold 
type. If the singular locus is singular, then one expects that the KE metric 
(of a GH limit) should be "generically" orbifold and, at the singular point 
of the curve, it should be asymptotic to CY cones with complex link equal 
to singular KE Del Pezzo surfaces (with genuine complex codimension 2 
singularities) . 

More generally, one should consider re-dimensional Fano varieties where 
the KE metric should be generically asymptotic at the singularities to "bun- 
dles" of CY cones. Of course, very little is known on the properties of these 
"stratified" spaces. 
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In the next section we show an elementary obstruction to the existence 
of cKE metrics on Q-Fano varieties. 

5.2 A criterion for the non-existence of cKE met- 
rics on Q-Fano varieties with isolated singular- 
ities 

In this section we extend Proposition 12.1.11 to higher dimensional varieties. 
That is, we show that a Q-Fano variety X with singularities modeled on CY 
cones cannot admit a cKE metric (of any rate) if the singularities are too 
bad compared to the degree of X. The main ingredients of the proof are the 
generalizations to the conical setting of the classical Bishop-Gromov volume 
comparison and Myers' Theorem. 

To start, observe the following fact: 

Lemma 5.2.1. Let (X n ,uj) be a cKE Fano variety. Then X n \Sing(X n ) is 
geodesically convex, i.e., for allp,q £ X n \ Sing(X n ) there is a minimizing 
geodesic all contained in the smooth locus. 

Proof Suppose that X n \ Sing(X n ) is not geodesically convex. Then 
we have a minimizing curve connecting p to q going through a singularity 
s G Sing(X"). Taking the metric tangent cone at s (which exists and is 
equal to the CY cone metric by definition), we find a minimizing curve in 
the CY cone going through the tip of the cone. However this is not possible, 
since singular CY cones minus the tip are geodesically convex. □ 

The next Proposition is the generalization to the conical case of the 
Bishop-Gromov's volume comparison. 

Proposition 5.2.1. Let (X h ,uj) be a cKE Fano variety (with normalization 
Ric{uj) = (2n — ). Then for all p G X n , the function 

Vol(B(p,r)) 
T Vol(B(r)) ' 

is non-increasing with limit as r — > equal to Voi^^hr)) ' Here B{r) 
denotes the ball in the In-sphere of radius 1, and L the real link in the 
model CY cone at p. 
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Proof 

It is known that the Bishop-Gromov volume comparison holds for geodesi- 
cally convex domains (compare Remark 4.1 in [23]). Thus Lemma 15.2.11 
together with 

Meas(Sing(X n )) = 0, 

implies that the Proposition is true for points in the smooth locus. 

Let p £ Sing(X n ) and take (pi) £ X n \ Sing(X n ) converging to p. Since 

B(pi,r) -> B(p,r) 

in the Gromov-Hausdorff topology, the volume comparison estimate holds 
also for p in the singular locus. 

It remains to show that the limit as r — > is equal to voi{ff^-\i)) ' Since 
the metric is asymptotic to the CY metric on the cone, we find that 

2n 

Vol(B(v,r)) = — VoUL) + 0{r 2n+1 ) 
2n 

Similarly 

r 2n 

VoliBir)) = Vol(S 2n - l (l)) + 0{r 2n+1 ). 

2n 

The Proposition follows immediately. 

□ 



The following Proposition generalizes Myers' Theorem: 

Proposition 5.2.2. Let (X n ,oj) be a cKE Fano variety (with normalization 
Ric(ui) = (2n — Then 

diam(X n ) < vr. 

PROOF Since diam(X n ) = diam(X n \ Sing(X n )), it is sufficient to esti- 
mate the distance between two points in the smooth locus. 

Let p,q £ X n \ Sing(X n ). By Lemma 15.2.11 we have a smooth minimal 
geodesic 7 all contained in the smooth locus connecting p to q. Then the 
usual argument in the proof of Myers' Theorem (compare for example |48j ) 
gives 

d(p, q) = length(7) < it. 
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The Proposition follows by taking the sup of the distance of pairs (p, q). □ 



Remark 5.2.1. The above "Bishop-Gromov and Myers Theorems" hold 
more generally under the weaker assumption Ric(cj) > C > 0. 

Now we are ready to state and prove the main result 

Theorem 5.2.1. Let X be a Q-Fano variety with an isolated singularity 
modeled on CY cones with real link L p . If X admits a cKE metric, then 

F °"C\ (1) W> < nl P"- 1 *' (5.1) 
Vol(L p ) yK ' ~ (2vr) n v v JJ v ' 

Proof The proof is identical to the proof of Proposition 12.1.11 keeping 

track of Ricci tensor normalizations. □ 

Let us note that "^y^i^ ^ > 1 (by Myers' Theorem), and it is equal 
to one only if p is a smooth point. 

Before showing that the ineq ualitv 1 5 . 1 1 can be actually used to prove that 
some singular Fano varieties cannot admit cKE metrics asymptotic near the 
singularity to a specific CY cone metric, we make some useful remarks. 

• A computation (see next Corollary) of the RHS of 15.11 gives RHS = 
2,12,100 and for re = 1,2,3 and 4 respectively. Thus the RHS 
manifests roughly an "exponential behavior" . 

• For an orbifold singularity C n /T, with r C U (n) finite, the quantity 

VolCS 2 "- 1 (i)) .... u \ti 
— y Q l {L J is simply given by |T|. 

More generally (compare [49J and |86J), if the CY cone is modeled on 
a (quasi)-regular Sasakian cone with Z p as quotient of the real link L p 
by the Reeb field, then 

Vol(Lp) _ ind(Zp) f b x 



f c? b (Z p r-\ (5.2) 



where m.d{Z p ) denotes the index, i.e., the maximal integer divisor of 
the anticanonical class in the Picard group. For example the standard 
CY metric on the re-dimensional double point, i.e., {zf + • • • + z n+l = 
0}, satisfies 

Vol 0M -J l _}_Y , 2 



Vol(5 2n ~ 1 (l)) \ n) e 
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• Observe that combining the formula 15.21 with — Volf-L ) — ^' ^ e 
authors of found what they called "Bishop obstruction": a nec- 
essary condition for a Fano orbifold X n (suppose, for simplicity, with 
codimension two quotient singularities) to be the quotient by the Reeb 
vector field of a link in a Sasaki CY cone -thus X n will be in particular 
KE- is that: 

( n + i)n+i 

deg(X n ) < {n + "l r . 
y ' ~ ind{X n ) 

This obstruction is weaker than the restriction on the degree of our 
Theorem 15.2.11 In [49J the authors are mainly interested in CY cones 
with the tip as the only singular point. For this reason, they apply 
the Bishop-Gromov inequality to the smooth (Einstein) link of a CY 
cone. On the other hand, our obstruction has been found applying the 
Bishop-Gromov volume comparison directly on the KE Fano orbifold, 
which a-priori should be related to CY cones singular along complex 
codimension two subsets. 

Moreover, we should recall that in the case of KE Fano manifolds with 
a C*-action with a finite number of fixed points, the "Bishop obstruc- 
tion" has been recently improved by R. Berman and B. Berndtsson to 
deg(X n ) < (n + l) n P3J. 

• Finally recall that the degree deg(X) of a Q-Fano variety is unbounded 
in the class of log-terminal Fano varieties. However it is conjectured to 
be bounded as long as the discrepancies are bigger than — 1+e (Borisov- 
Alexeev-Borisov Conjecture, proven in dimension 2 by V. Alexeev in 

By combining the above observations with the computation of the vol- 
ume of the even dimensional spheres, we find the following rephrasing of 
Theorem 15.2.11 

Corollary 5.2.1. Let X n be a Q-Fano variety with an isolated singularity at 
p modeled on a (quasi) -regular Sasakian CY cone and let Z p be the (orbifold) 
Fano variety given by the quotient of the real link of the cone by the Reeb 
foliation, then 

n n , (x) < n!(2n - 1)" 

ind{Z p )c^ b {Z p ) n - 1 G9[ '- (2n- l)(2n - 3)(2n - 5)...l ' 
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Now we give an example of a family of Fano 3-folds violating the con- 
straint 15.11 

Proposition 5.2.3. Let X^ be the toric Q-Fano 3-fold whose Fano polytope 
Pd is defined as 

P d = Convex ({ei,e 2 ,e 3 , -e\ - e 2 - de 3 }). 

Then X d does not admit a cKE (actually orbifold) metric for d > 1. 

Proof It is easy to see that X d is a Q-Fano with only one singular 
point corresponding to 

Cone(ei,e 2 , -e% - e 2 - de 3 }). 

Computing the algebra of the dual cone, we find that the singularity is given 
by 

Spec [C[z, zy, . . . , zy d , zx, zxy, . . . , zxy d ~ x ', zx 2 , zx d ]j . 

Changing the variable to z = a d ,y = Kx = we immediately observe 
that the above singularity is simply the cone over the degree d Veronese 
embedding of P 2 , i.e., 

Spec (c[a,b,cfA 

The degree of a toric Fano 3-fold is well-known to be equal to deg(X) = 
3!Vol(P / ), where P^ denotes the dual polytope of P. In our case P/ is 
given by the convex hull of the following vectors 

Vl = (-1,-1,-1);^ = (-1,-1,-);^ = (-l,d+2,-l);^ = (d+2,-1,-1). 

It follows that deg(X d ) = 

Hence the LHS of 15.11 is equal to (d + 3) 3 > 125, for d > 1. Since the 
RHS of 15.11 is equal to 100, we find that Xj cannot admit a cKE (orbifold) 
metric. 

□ 

The above example can be generalized in all dimensions simply consid- 
ering the Fano polytope PJ 1 = Convex({ei, . . . , e n , —e\ — ■ ■ ■ — e n _i — de n }), 
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giving log-terminal Fano varieties with no cKE metric (note that the LHS of 
15. H is equal to (d+n) n ). Moreover it is important to note that these singular 
Fano varieties are not smoothable, the cones over the Veronese embeddings 
being rigid singularities in dimension bigger than two. 

Finally we remark that the non-existence of KE orbifold metrics on the 
above Fano varieties follows also from toric geometry, since the baricenter 
of the dual polytope is not the origin [S3]. From a purely combinatorial 
point of view, it would be interesting to see if the above obstruction to 
the existence of a KE metric gives properties that "balanced" polytopes 
must satisfy which are unknown (compare the discussion on the Ehrhart 
Conjecture in [13]). 

Moreover we remark that it seems that the above obstruction holds, in 
particular, for GH limits of smooth KE Fano manifolds ([34J). It would be 
nice to see if this obstruction can be used to study GH compactifications as 
we did in the case of Del Pezzo surfaces. However "experimental computa- 
tions", that we performed on some classes of Fano 3-folds, suggest that this 
restriction is too weak to be particularly useful. 

5.3 Some observations on deformations of cKE Q- 
Fano varieties 

Let (Xo,wo) be a cKE metric on a Q-Fano variety as defined in the first 
section of this Chapter and let X — > At Q C be a (partial)-smoothing. The 
fundamental question is the following: when does Xt admit a (cKE) metric? 
As we discussed in the previous Chapters, the automorphism group plays a 
central role in understanding the deformation theory of (singular) KE Fano 
varieties. 

The next Proposition is a result relating the automorphism group of 
a cKE variety (X, lo) to eigenfunctions of the Laplacian. We say that 
4> € Cg^X), if £ Cp w (X \ Sing(X),R) and near each singularity pi G 
Sing(X) we have |Vi</>|^ = 0(r^~^) for r << 1 and j < k, where r is the 
distance from the tip of the cone w.r.t. the CY metric rji. 

Assume that X has only discrete automorphism group. This implies 
that H° (X,Hom(tt x , O x )) = (here £l x denotes the sheaf of Kahler dif- 
ferentials). If the local cohomology group Hg ing , x ^ (X,7iom(Q x , Ox)) = 0, 
then also H° (X \ Sing(X),TX 1,0 ) = 0, i.e. there are no non-trivial holo- 
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morphic vector fields on the smooth part. Now we are ready to state the 
Proposition. 

Proposition 5.3.1. Let (X n ,u) be a cKE Q-Fano variety with discrete 
automorphism group and such that 

Hhingfx) {x,nom(n 1 x ,o x ))=o. 



L Sing(X) 

A w (f> = (j) on X\Sing(X). 



Suppose that there is a function (j) £ Cj (X, R) for j3 > 2 — n satisfying 



Then (j) = 0. (A u denotes the d-Laplacian) 
Proof 

Consider the positive quantity 

//W ;J T=l(V 2 ^) (2 ' 0) | 2 >0, 

where gq is the expression of the Kahler metric in a coordinate system. 
Working in normal coordinates, one can check that the following Bochner- 
type formula is true [95J: 

|( V 2^(2,0)|2 = div{ y2^ + + (- A ^2 _ Ric (Q^ 

where * denotes a "product like expression" (between first and second deriva- 
tives) . 

We claim that if is a eigenfunction of eigenvalue 1 on a cKE with dis- 
crete automorphism, then |(V 2 <^>)( 2 '°)| 2 = on X \ Sing(X). For simplicity 
we assume that Sing(X) consists of only one node, say p. 

Integrating the Bochner-identity on X \ Sing(X): 

f |(V 2 <A) (2 ' 0) | 2 ^ = 

JX\Sing(X) 



lim ( f div(V 2 (f) * V0) + (Ayj) 2 - Ric(d<p, d</>)) ) = 

\Jx\B v (p,r) J 

lim ( / < V 2 0* V(f),r] > ] + / (A(/?) 2 - Ric(d<p, 8<f>)) 

\ JdBr,(p,r) / Jx\Sina(X) 



110 



Here we are using the fact that, near the singular point p, r ps r w (i.e. 
the "real" distance is equivalent to the CY distance). 

• Estimate of A. 

Since oj n = (1 + 0(r^))r] n and the volume form of the metric r\ re- 
stricted to the real link at distance r is r 2n ~ 1 dVi, we find 

| ( < V 2 * V0, r, >| < CV 3 " V-V 2 "- 1 < Cr 2 ^ + ")- 4 . 

JdB v (p,r) 

Thus /3 > 2 - n implies ,4 = 0. 

• Estimate of B. 

Since A<^> = (f> and Ric(u) = oj, we have 

/ (A(pf - Ric(d(p,d(f>) = [ 4>A(f>- [ \d(f>\ 2 . 

JX\Sing(X) JX\Sing(X) J X\Sing(X) 

Moreover 

/ (/>A0=iim(/ <a0*0,r/>) + / |d</>| 2 , 

JX\Sing(X) \JdB v ( P ,r) J J X\Sing(X) 

and, as before, 

I / < * ^, t? >| < cv 3 - W"" 1 < Cr 2 ^ +n )" 2 , 

JdB v ,(p,r) 

implies that, if f3 > 1 — n then i? = 0. 
Combining the two previous estimates, we find for /3 > 2 — n that 

/ |(VV) (2,0) |V = 0. 

JX\Sing(X) 

Thus the tensor (V 2 0)^ 2,o - ) = on X \ Sing(X). This implies that, since 
the metric is parallel, 

= o. 

In particular we find that the vector field (dip) := g^fij is holomorphic, and 
hence it must be the zero field by our assumption on the automorphisms. 
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This implies that d<j) = 0, and, being (j) real-valued, also d(p = 0. Hence (j> 
must be constant. Finally, since A(p = 4>, this constant must be zero. 

□ 

The above Proposition applies in the case of nodal Fano varieties (or 
more generally for any variety with isolated complete intersection singular- 
ities) provided n > 3 (compare for example [33]). 

Another crucial ingredient for the study of deformations of (singular) 
KE metrics is given by the existence of good metric models (Asymptotically 
Conical CY) on smoothings of the singularities. The simplest possible sin- 
gularity is given by the node. In this case, M. Stenzel constructed an AC CY 
metric on the (unique) smoothing |87| . Due to the symmetries of the node, 
the construction of a CY metric is quite easy (and essentially explicit). We 
recall his argument. Let Qq be the n-dimensional complex cone 

Qo :={*eC"+ 1 |z* + --- + 4 H = o}, 

and let Q n be its smoothing, i.e. 

Q n := {zGC n+1 \z 2 1+ --- + z 2 n+1 = l}. 
We look for metrics of the form 



iddf(s), 

where s = \zi\ 2 + • • • + |z n+ i| 2 . Consider the holomorphic (n, 0)-form 

(-l) n 

O := - r —dzi A • • • A dz n . 

Thus we seek solutions of the equation 

{iddf{s)) n = Cn AO, 
on Qq and Q n , where C G M. The equation can be rewritten as 

i n ((f'(s)) n {dds) n + n/"(s)(/(s)) n - 1 9s Ads A (dBs)'"- 1 ) = CfiAfi, 
An elementary computation shows that the equation reduces to the following 
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ODEs: On Q, 



s(f'(s)r + s 2 f"(s)(f'(s)r- 1 = c>0, (5.3) 

for s > 0. On Q n 

s(f'(s)r + (s 2 - lj/'Wl/'Wr 1 = 0, (5.4) 

for s > 1. On Qo the equation can be completely solved giving as solution 
the following complete at infinity Ricci-flat metric 

Vo,stn = idd(r 2 ^~n)) } 

where r 2 = s, i.e. r is the distance function with respect to the std metric 
in C n+1 . On Q n (= T*S n ), it is in general harder to find an exact solution 
of (|5.4|) . However, for n = 2 one can check that 

Vstn ■= idd\fr 2 + 1, 

where r 2 = s is a complete CY metric (the Eguchi-Hanson metric, with 
Kahler form given by the complex structure of the smoothing). 
In general, defining g(s) := (/' (s)) n , the equation (|5.4p becomes 

sg{s) + -{s 2 -l)g'(s) = c. 
n 

Thus g(s) = 0(~), which implies that the leading term at infinity of the 
Stenzel potential is ~ r 2 ^n\ To perform a gluing construction, it is essen- 
tial to understand the asymptotics of the CY conical metric. In this case 
we want an x > such that 

r,stn = idd(r 2 ^+0(r- x )). 

Recent progress in the asymptotics of AC CY metrics on smoothings of 
CY cones are contained in the paper [28J. 

Combining the precise value of the Stenzel asymptotics with the decay 
rate of a cKE Fano, it is not unrealistic to expect that our Theorem 13.1.11 
generalizes to higher dimensional setting, but we have not carried out all 
the details yet. Thus we expect the following generalization of our Theorem 
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Conjecture 5.3.1. Let X — > At C C be a (partial) -smoothing of a nodal 
cKE Fano variety (Xq,ujq), for some specific rates of convergence /Uj. As- 
sume that the automorphism group is discrete. Then Xt admits a (cKE) 
metric uot for t sufficiently small. These metrics out are GH close to uq. 

Remark 5.3.1. The deformation theory of Q-Fano varieties is in general 
more complicated than deformation theory of log-terminal Del Pezzo sur- 
faces described in Chapter two. In particular, it is no longer true that we 
have always no local-to- global obstructions. Some results on the deformation 
theory of Fano 3-folds are contained in [33] and [79] . 

5.4 Moduli of intersections of two quadrics 

In this final Chapter we discuss what the GH compactification of the space 
of intersections of two quadrics in P 5 should be. Similar arguments also hold 
for intersections of two quadrics in P n . 

First of all, we recall that all smooth intersections of two quadrics in 
P 5 (P n ) admit a KE metric ([78J and [4j). Note that the moduli of smooth 
intersections of two quadrics is "complete" (i.e., all smooth Fano manifolds 
in the same family are indeed given by intersections of two quadrics). With 
this in mind, it becomes particularly interesting to study the GIT stability 
of such intersections. 

The (classical) GIT picture is identical to the one discussed in the case 
of Del Pezzo quartics (and the proof generalizes verbatim, compare for 
example [8]). Given two quadrics Q\ and Q2, one considers the pencil 
XQi + fiQ2- Thus we identify the space of intersections of two quadrics 
with Gr(2,F°(P 5 ,e>(2))). Taking the Pliicker embedding, we consider the 
following GIT picture: 

SX(6,C) r>Gr(2,F°(P 5 ,0(2))) ^ P(A 2 #°(P 5 , 0(2))). 

Define 

M IntQ uar ALG := Gr(2,H (P 5 ,O(2)))//SL(6,£), 
as a possible candidate to be a good algebraic compactification of intersec- 
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tions of two quartics. Consider the natural map of sets 



disc: Gr(2,i/ (P 5 ,O(2))) — ► {Binary sextics}/SL(2, C) 
[XQ1 + HQ2} — > det(\Q 1 + nQ 2 ). 



Then 



Theorem 5.4.1. The map disc descends to the GIT quotient and it induces 
an isomorphism between M.j n tQuart ALG and the moduli space of binary sex- 
tics M^ IT := ¥H°(F\ 0(6))//SL(2, C). 

Every poly stable intersection of two quadrics can be "diagonalized" , i.e., 
it can be expressed as 



X 



x + x l + x \ + x l + x \ + x \ = o 

Ao^o + Ai^i + X 2 x\ + A 3 x| + A4X4 + A 5 x| = 



with at most pairs of equal Aj or with Xq = X\ = X 2 and A3 = A4 = A5 
(this (unique) variety corresponds to the (unique) poly stable but not stable 
binary sestic x 3 y 3 = via the map disc ). Conversely, every intersection of 
quadrics that admits the above representation is polystable. 

Moreover X = Q\ n Q 2 is stable iff all Aj in the above representation 
are distinct iff X is smooth. By an obvious change of base, the polystable 
intersection of quadrics with Xq = X\ = X 2 and A3 = A4 = A5 is given by the 
equations: 



X t 



•= 



Xq^I = x\ 



x z x± = xl 

Note that, beside Xq, all polystable quadric admit at most nodal singularities. 
Xq is singular along two disjoint rational lines (see Proposition |5.^.7] j. 

For the sake of completeness, note that the principal invariants of X : = 
Qi f~l Q 2 C P 5 are easily computed to be: deg(X) = 32, p(X) = 1 (Picard 
rank), h l,2 {X) = 2. The GIT-invariants of binary sextics are classically 
well-known. It follows by computing the algebra of invariants (compare for 
example [32] pag. 153) that 



-ALG 



M IntQ uar =P(1,2,3,5). 

In particular it has only 3 isolated quotient singularities. The smooth 
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point [1:0:0:0] corresponds to the polystable intersection with non 

isolated singularities Xq. With the choice of invariants as in [32], the point 

[0:0:0:1] corresponds to a smooth intersection of two quadrics. The other 

two singular points in the moduli space correspond to singular intersections. 

The set of smooth intersections of two quadrics is given by the complement of 

the divisor t = (where t denotes the coordinate of weight 5 in P(l, 2, 3, 5)). 

ALG 

Another interesting point in M. intQuar is 

[-16 : 4 : 8 : 0]. This point 
corresponds to the toric polystable intersection of quadrics of equation 



x xi = x 2 x 3 = x 4 x 5 . 



It is the unique polystable intersection of two quadrics with 6-nodal singu- 
larities. Its moment polytope is given by the regular octahedron in M 3 . 

Finally we briefly discuss the problem of existence of singular metrics on 
polystable intersections of two quadrics. First of all note that the strictly 
polystable intersection with non isolated singularities admits an orbifold KE 
metric (this fits nicely within the general degeneration theory of KE Fano 
manifolds 



XqXi = x\ 



Proposition 5.4.1. The polystable intersection of quadrics 

QiDQ 2 :-- 



x 3 x 4 = x\ 

admits an orbifold KE metric with singularities locally modeled on C 2 fE 2 x 
C. 

Moreover Sing(Q\ C\Q 2 ) = P 1 UP 1 is a totally geodesic submanifold with 
induced metric given by the Fubini-Study metric on P 1 . 

Proof By considering the 2 : 1 covering map 

p : P 3 — > Q x n Q 2 C P 5 

(a :b : c : d) 1 — > (a 2 : b 2 : ab : c 2 : d 2 : cd) , 

we see that Q± n Q 2 = V 3 /Z 2 where the Z2-action is generated by 

[a : b : c : d] — > [a : b : —c : —d]. 

This Z2-action is clearly an isometry w.r.t. the Fubini-Study metric on P 3 . 
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Therefore the FS metric descends to an orbifold metric on the quotient, i.e., 
on the given intersection of quadrics. 

Finally, it is immediate to see that the singular locus of Q\ n Q2, given 
by xq = x\ = X2 = and X3 = 24 = 25 = 0, has as preimage under p the 
two disjoint lines L\ := [a : b : : 0] and L2 := [0 : : c : d] inside P 3 . Then 
the claim follows by recalling that lines in P 3 are totally geodesic and that 
the restriction of the ambient FS metric coincides with the round metric on 
P 1 . 

□ 

For intersections of quadrics with nodal singularities the situation is more 
subtle. A particularly nice point in the algebraic compactification is given 
by the toric intersection xqX\ = X2X3 = X4X5. Its moment polytope has 
"barycenter zero" (i.e., the Futaki invariant vanishes). Thus it is expected 
that such a variety admits a KE metric (actually cKE). In [12] the authors 
claim (but the proof is not appeared yet) that the vanishing of the Futaki 
invariant in the Q-Fano toric case is sufficient to have a "weak solution" 
of the KE equation. It is interesting to see if it is possible to compute the 
asymptotic behavior of the KE metric. In particular, it would be important 
to understand if the KE metric is asymptotic to the standard toric Guillemin 
metric. 

For the other polystable intersections the situation is more complicated. 
However if [3] generalizes to Q-Fano varieties then one can try to construct 
singular KE metrics by considering, for example, double covers from the 
(singular) polystable intersections to smooth (KE) quadric threefolds in P 4 . 
More precisely, assume that Q\ = Id and Q2 = A with Ao = Ai = and 
distinct other As. Then define the (KE) quadrics C, := XiQo — Qi C P 4 
for i = 2,3,4,5. There are four 2 : 1 maps 7Tj : Qq n Qi — > Ci, given by 
forgetting the X{. Then the argument in [50] would provide the existence of 
a "singular" (weak solution in the sense of pluripotential theory) KE metric 
on Qo n Qi- A statement which seems related to the above picture can be 
found in [14J (compare Theorem 8.3). 

The above observations suggest that AiintQuar is indeed equal to 
the GH compactification MintQuar ■ However we should remark that it 
does not seem immediate to generalize the Mabuchi-Mukai argument (or an 
argument close to the one given for the case of cubic surfaces) to this higher 
dimensional situation. 
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Appendix A 

Fano Toric Varieties 



In this appendix we collect a few well-known facts about Fano Toric Varieties 
which we use in the Thesis. For a more detailed account see [45J or [29 1. 

Let N = Z" and M = Hom z (N,Z). A Fan A is a finite set of cones 
a C N R := N ®z R such that: 

• Every face of a cone in A is itself an element of A. 

• The intersection of two cones is a face. 

For each a E A, one can consider the affine toric variety 



where cr / := {y G M R \ < y, x >> Vx € a}. 

Given A, we define an n-dimensional toric variety Xa to be the normal, 
irreducible variety obtained by glueing X a to X T along X ariT for a, r € A. 
Note that (C*) n = X {0} C X A . 

Let P the Polytope defined as the convex hull of the set of the minimal 
generators in N of the rays of the fan A. 

Proposition A. 0.2. Let X& be a toric variety defined as above, then 

• Xa is smooth iff every cone in A is generated by basis elements of N. 

• Xa is projective iff A is generated by the faces of the polytope P con- 
taining the origin in its interior. 

• Xa is Q-factorial iff P is simplicial. 
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In this last case the Picard rank is equal to p(X&) = ^{vertices of P} — n. 

For projective toric varieties we use the notation Xp instead of 
A characterization of toric Fano varieties is the following: 

Proposition A. 0.3. A projective toric variety is Fano iff P has vertices 
which are primitive vectors in N (P is called the Fano polytope). 

Let P^ 6 M K be the dual polytope (in general non integral) to P defined 

by 

P / := { y g M R | < y, x >> -1 Vx G a}. 

Some properties of anticanonical divisor of the toric Fano variety Xp are 
encoded in the dual polytope P : 

Proposition A. 0.4. Let P be a Fano polytope of dimension n with —Kx 
Q-Cartier. Then 

• deg(Xp) := (-K Xp ) n = n!F /(P / ); 

• —kKxp is Cartier iff kP is integral; 

• dim H°(Xp, —kKxp) = ^{lattice points inkP^}. 

If P is a simplicial Fano polytope then Xp has at most orbifold (quotient) 
singularities. For example this is always true for Del Pezzo surfaces. More 
precisely every singularity of a toric Del Pezzo surface is, up to unimodular 
transformation, given by the cone in N K with rays generated by vo = (0, 1) 
and v% = (m,—k) with (m,k) = 1. It is easy to check that the singularity 
is of type C 2 /Z m where the action is generated by (/U,/i fc ) with \i being 
primitive root of unity. 

For toric Fano orbifolds it is possible to detect the existence of an (orb- 
ifold) KE metric simply by looking at the dual polytope P^ [84\: 

Theorem A. 0.2 (B. Wang-X. Zhu-Y. Shi). Let Xp be a toric Fano orbifold. 
Then the following are equivalent: 

• Xp admits a KE orbifold metric; 

• Fut(Xp) = 0; 

• Bar(P^) = 0, i.e., J p/ yidy = for all i. 
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Moreover if Bar(P ) / 0, Xp admits a Kahler-Ricci soliton metric. 

Note that the proof for orbifolds is a verbatim generalization of the proof 
in the smooth case. 
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Appendix B 

Singularities dictionary 



In this Appendix we recall the basic definitions of some important classes 
of singularities which we considered in the Thesis. For a more systematic 
description compare [M], [55] or 

Let X be a Q-Gorenstein normal variety (i.e., Kx is a Q-Cartier divisor). 
Let / : Y — > X be a resolution of singularities with exceptional divisor 
E = |J Ei (where E{ are the exceptional irreducible prime divisors ) . Write 

K Y = rK x + Y j a i E il 

where Oj 6 Q (the discrepancies at E{) , f*Ky = Kx and equality is under- 
stood in the sense of Q-divisors. Then we say that 

• X has terminal singularities if > 0; 

• X has canonical singularities if ai > 0; 

• X has log-terminal singularities if ctj > — 1; 

• X has log-canonical singularities if a, > —1; 

for all resolutions / : Y — > X. 

It is customary to denote by Discrep(p) (for a resolution of singularities 
a p £ X) the inf of all aj and all resolutions / : Y — > X. We also denote by 
Discrep(X) the minimum of Discrep(p) for all p G X. 

A characterization of log-terminal singularities in complex analytic ge- 
ometry is the following: let Q be a nowhere vanishing section of K x around 
p £ Sing(X), then p is a log-terminal singularity iff f Ureg 0, A Q < +oo, 
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where U denotes an open neighborhood of p in X and the integration is 
with respect to the Lebesgue measure. Moreover, recall that all log-terminal 
singularities are rational (i.e., R l f*Oy = if i > 0). 

In dimension two terminal singularities are smooth points and canonical 
singularities are the classical RDP hypersurface singularities (also known as 
Du Val singularities or ADE singularities). They are obtained as quotients 
of C 2 by finite subgroups T of SU (2) acting freely away from the origin. 
According to the classification of finite subgroups of SU (2) there are only 
three families of singularities: the cyclic quotients denoted by Aj~ (order k + 
1), whose equations are given by xy = z k+1 ; quotients by the binary dihedral 
group denoted by (order 4(k — 2)), with equations x 2 + y 2 z + z k ~ x = 0; 
the three exceptional cases Eq (order 24), with equation x 2 + y 3 + z 4 = 0, 
E 7 (order 48) with equation x 2 + y 3 + yz 3 = and E$ (order 120), with 
equation x 2 + y 3 + z 5 = 0. 

More generally a two dimensional singularity is log-terminal iff it is a 
quotient of C 2 by a finite subgroup r of U (2) acting freely away from the 
origin. 

The node {z\ + • • • + z 2 +1 = 0} C C n+1 is an example of terminal 
(and non-orbifold) singularity (for n > 3). Three dimensional terminal 
singularities are also classified (M. Reid). In particular recall that they 
must be isolated. 

An important class of singularities are the ones which admit Q-Gorenstein 
smoothings. In dimension two they are classified (see Chapter 2). 
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